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APPROXIMATE LATTICES
MICHAEL BJÖRKLUNDAND TOBIAS HARTNICK
ABSTRACT. In this article we introduce and study uniform and non-uniform approximate lat-
tices in locally compact second countable (lcsc) groups. These are approximate subgroups
(in the sense of Tao) which simultaneously generalize lattices in lcsc group and mathematical
quasi-crystals (a.k.a. Meyer sets) in lcsc abelian groups.
We show that envelopes of strong approximate lattices are unimodular, and that approxi-
mate lattices in nilpotent groups are uniform. We also establish several results relating prop-
erties of approximate lattices and their envelopes. For example, we prove a version of the
Milnor-Schwarz lemma for uniform approximate lattices in compactly-generated lcsc groups,
which we then use to relate metric amenability of uniform approximate lattices to amenability
of the envelope.
Finally we extend a theorem of Kleiner and Leeb to show that the isometry groups of higher
rank symmetric spaces of non-compact type are QI rigid with respect to finitely-generated ap-
proximate groups.
1. INTRODUCTION
1.1. Approximate groups and approximate lattices
In this article we introduce and study certain approximate subgroups of locally compact
second countable (lcsc) groups which share many properties with lattices in such groups, and
which we therefore propose to call “approximate lattices”.
The notion of an abelian “approximate subgroup” was already implicit in the early works
by Freiman [22], while the notion of a non-abelian “approximate subgroup” appears implic-
itly in the paper [20] by Erdös and Szemeredi on the sum-product phenomenon, in the paper
[10] by Bourgain and Gamburd on superstrong approximation and in the work [29] by Helf-
gott on expansion in finite simple groups.
The formal definition of an approximate subgroup (as recalled in Definition 1.1 below) was
first put forward by Tao in [43]. In this influential paper, the beginnings of the basic theory
of such objects, based on previous fundamental works by Freiman [22], Ruzsa [41] and Plün-
necke [37], were outlined. Since then, many groundbreaking results on finite approximate
subgroups have been established; in particular, Breuillard, Green and Tao established in [13]
their celebrated structure theorem for finite approximate groups. (We refer the reader to the
surveys [11] and [12] for more detailed bibliographies on these matters.)
Developing a structure theory for general infinite approximate groups, or even just general
infinite groups is utterly hopeless. In geometric and measurable group theory one therefore
often restricts the attention to infinite groups which admit interesting actions on metric, re-
spectively measure, spaces. This leads to the study of lattices in lcsc groups. We recall that
a subgroup Γ of a lcsc group G is called a lattice if it is discrete and the homogeneous space
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G/Γ admits aG-invariant probability measure. It is called a uniform lattice if G/Γ is moreover
compact, and a non-uniform lattice otherwise.
The goal of this article is to extend these notions to the realm of approximate groups and
to establish versions of some of the basic theorems concerning lattices in lcsc groups in this
extended setting. Let us start by recalling the definition of an approximate (sub-)group:
Definition 1.1. A k-approximate group is a pair (Λ,Λ∞), where Λ∞ is a group and Λ ⊂ Λ∞ is a
subset such that
(AG1) Λ is symmetric, i.e. Λ = Λ−1, and contains the identity;
(AG2) Λ generates Λ∞ as a group;
(AG3) there exists a finite subset F ⊂ Λ∞ of cardinality at most k such that Λ2 ⊂ FΛ.
If (Λ,Λ∞) is a k-approximate group and G is a group, then a homomorphism ρ : Λ∞ → G of
groups is called a representation of (Λ,Λ∞) and the image ρ(Λ) of Λ is called a k-approximate
subgroup of G.
By definition, a 1-approximate subgroup is just a subgroup. Here we are mostly interested
in approximate subgroups with k ≥ 2. We emphasize that, unlike some authors, we do not
assume our approximate subgroups to be finite.
Concerning the generalization of uniform lattices to the setting of approximate groups, we
observe that a subgroup Γ < G is a uniform lattice if and only if it is a Delone subset. Here a
subset Λ of a lcsc groupG is called a Delone set if it is uniformly discrete and relatively dense
with respect to some (hence any) proper left-invariant metric d onGwhich induces the given
topology (see Subsection 2.1 for a discussion of these notions).
Definition 1.2. Let G be a lcsc group. An approximate subgroup Λ ⊂ G is called a uniform
approximate lattice if it is a Delone set in G.
The definition of a non-uniform approximate lattice is more involved, and we suggest two
tentative definitions. Both definitions are based on the notion of the right-hull of a closed
approximate subgroup Λ ⊂ G, which is a weak substitute for the homogeneous space G/Γ of
a closed subgroup.
Given a lcsc group G we denote by C(G) the compact space of closed subsets of G with
the Chabauty-Fell topology (see Subsection 4.1). We then consider the action of G on C(G)
by g.Λ := gΛ, and given a closed subset Λ ⊂ G define the right-hull XΛ as the closure of the
G-orbit of Λ in C(G), i.e.,
XΛ := G.Λ ⊂ C(G).
The right-hull of a closed subset is always compact by definition. If Λ is not relatively dense
in G, then it will contain the empty set.
Definition 1.3. Let G be a lcsc group. A uniformly discrete approximate subgroup Λ ⊂ G
is called a strong approximate lattice if there exists a G-invariant probability measure ν on XΛ
with ν({∅}) = 0.
Invariant measures on right-hulls of subsets of Rn have received much attention in the
context of the dynamical approach to tilings and mathematical quasi-crystals (see [32], and
also [3] for a general overview and recent reference list of the subject). In the context of non-
abelian groups, the study of invariant random subgroups and uniformly recurrent subgroups
[1, 2, 25] has led to an intensive study of invariant measures on conjugation hulls, i.e. orbit
closures under the conjugation action of G. However, the right-hulls considered here are
different from these conjugation hulls.
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If Λ is a uniform approximate lattice in an amenable group G, then it is also a strong ap-
proximate lattice. Indeed, by amenability of G there exists an invariant probability measure
on XΛ, and one automatically has ∅ 6∈ XΛ in this case. For non-amenable groups, such an in-
variant measure need not exist, and we suggest the following weaker definition to deal with
this case. Let us call a probability measure on G admissible if it is absolutely continuous with
respect to the Haar measure class on G and its support generates G as a semigroup. Then on
every compactG-space there is a probability measure ν which is µ-stationary in the sense that
µ ∗ ν = ν and we define:
Definition 1.4. Let G be a lcsc group. A uniformly discrete approximate subgroup Λ ⊂ G is
called an approximate lattice if for every admissible probability measure µ on G there exists a
µ-stationary probability measure ν on XΛ with ν({∅}) = 0.
With this definition, every uniform approximate lattice is an approximate lattice. It turns
out that in amenable groups, every approximate lattice is strong, see Remark 4.14.(1). As
for non-amenable groups, we do not currently know any example of an approximate lattice
which is not strong. If one removes the symmetry condition on Λ, then such examples exist.
Remark 1.5. Note that in the definition of a strong approximate lattices, we do not demand
the invariant measure to be unique. In fact, there are many natural examples of strong ap-
proximate lattices (even in R) which admit more than one non-trivial invariant measure on
their hull, see e.g. Example 4.15. Similarly, in the case of approximate lattices, there may exist
several non-trivial µ-stationary probability measures on the hull for every given admissible
probability measure µ. Moreover, if µ and µ′ are different admissible probability measures
on G, then the µ-stationary probability measures on the hull need not be related in any way
to the µ′-stationary probability measures.
1.2. Examples of approximate lattices
Before we describe our results concerning approximate lattices, let us provide some im-
portant classes of examples of approximate lattices to convince the reader that the theory
developed below has some content.
Example 1.6. Every lattice in a lcsc group is a strong approximate lattice, and it is a uniform
lattice if and only if is a uniform approximate lattice.
Example 1.7 (see Corollary 2.10). Every relatively dense and symmetric subset of a uniform
approximate lattice containing the identity is again a uniform approximate lattice. In partic-
ular, relatively dense and symmetric subsets of uniform lattices containing the identity are
uniform approximate lattices.
Example 1.8 (see Proposition 2.13). The following example goes back to Y. Meyer in the
abelian case. Let G and H be lcsc groups and let Γ < G × H be a uniform lattice which
projects injectively toG and densely toH . We denote by πG : G×H → G the projection onto
the first coordinate. Given a compact subsetW0 ⊂ H with non-empty interior, the set
Λ := πG((G×W0) ∩ Γ)
is called a uniform model set in G. If W0 is moreover chosen symmetric (i.e. W−10 = W0) and
contains the identity, then Λ ⊂ G is a uniform approximate lattice.
Example 1.9. A relatively dense subset of a uniform model set is called aMeyer set. Combin-
ing Example 1.7 and Example 1.8 we see that a symmetric Meyer set containing the identity
is a uniform approximate lattice.
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Meyer sets in Rn are among the most common models for mathematical quasi-crystals
and have gained considerable interest (as witnessed by several hundred references in the
bibliography of [3]). Meyer [32] proved (translated into our terminology) that every uniform
approximate lattice in an abelian lcsc group is a Meyer set. We do not know whether this
holds in more general classes of lcsc groups.
Example 1.10 (see [7]). Meyer’s construction also applies to non-uniform lattices under some
additional technical assumptions. Given a lattice Γ < G×H (not necessarily uniform) and a
compact subsetW0 ⊂ H , the set
Λ := πG((G×W0) ∩ Γ)
is called a regular model set providedW0 is Jordan-measurable with dense interior, aperiodic
(i.e. StabH(W0) = {e}) and satisfies ∂W0 ∩ πH(Γ) = ∅. If Λ is a symmetric regular model
set containing the identity, then it is a strong approximate lattice. This strong approximate
lattice is uniform if and only if the underlying lattice is. This provides examples of strong
approximate lattices, which are neither uniform nor contained in a lattice. In these examples,
the invariant probability measure on XΛ \ {∅} is actually unique (and in fact the unique µ-
stationary measure for every admissible µ).
1.3. Envelopes of approximate groups
A lcsc group G is called a (uniform) envelope of an abstract group Γ if Γ is isomorphic to a
(uniform) lattice in G. Similarly we call G a (uniform) envelope of an abstract approximate
group (Λ,Λ∞) if there is an injective homomorphism ρ : Λ∞ → G such that ρ(Λ) is a (uniform)
approximate lattice in G. The question of determining the lcsc groups which are (uniform)
envelopes of (certain) groups has attained considerable attention recently (see e.g. [4]), and
we can ask the same question for approximate groups. Themost basic necessary condition for
a lcsc group G to be an envelope of a group is unimodularity of G. This necessary condition
carries over to the approximate setting in the following form.
Theorem 1.11 (Unimodularity of envelopes, see Theorem 5.8). Every lcsc group which contains
either a strong approximate lattice or a finitely-generated uniform approximate lattice is unimodular.
There remains the question which unimodular lcsc groups are envelopes. By a classical
theorem of Borel–Harish-Chandra [9], semisimple real Lie groups admits both uniform and
non-uniform lattices. Using model sets one can show that they also contain both uniform and
non-uniform approximate lattices, which are not contained in any lattice.
Remarkably, there also exist some p-adic semisimple group (like SLn(Qp), see Remark 4.26)
which admit non-uniform approximate lattices, despite the fact that they do not admit non-
uniform lattices. This is in contrast to the case of nilpotent Lie groups:
Theorem 1.12 (Approximate lattices in nilpotent groups, see Theorem 4.25). Every approximate
lattice in a nilpotent lcsc group is uniform.
Not every nilpotent lcsc group admits a lattice. For example, by a classical theorem of
Malcev (see e.g. [38, Thm. 2.12]) a simply-connected nilpotent Lie group admits a (uniform)
lattice if and only if its Lie algebra admits a basis with rational structure constants. Using
this criterion we provide in Corollary 2.20 an explicit example1 of a simply-connected nilpo-
tent Lie group which admits uniform approximate lattices, but no lattices. In fact, in higher
1The example was pointed out to us by Y. Benoist.
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dimensions one can even find simply-connected nilpotent Lie groups which admit uniform
approximate lattices, but are not quasi-isometric to any finitely-generated group (or even any
vertex-transitive graph), see Example 2.21.
1.4. Geometric properties of finitely-generated uniform approximate lattices
If G is a compactly generated lcsc group (for example, a finitely generated discrete group),
then any two word metrics onGwith respect to compact generating sets are quasi-isometric.
We refer to their common quasi-isometry (QI) class as the canonical QI class of G (see Sub-
section 3.1). The study of the canonical QI class of finitely-generated groups is one of the
main subjects of geometric group theory. Here we propose a generalization of this theory to
approximate groups. We call an approximate group (Λ,Λ∞) finitely generated if Λ∞ is finitely
generated as a group. In this case, all word metrics with respect to finite generating sets on
Λ∞ restrict to quasi-isometric metrics on Λ, and we call their common QI class the canoni-
cal QI class of Λ. With this terminology understood, the following theorem can be seen as a
generalization of the Milnor-Schwarz lemma – see Subsection 3.2 for an explanation how the
present version translates into the more classical one in the case of groups.
Theorem 1.13 (Milnor-Schwarz lemma for uniform approximate lattices, see Theorem 3.4).
Let G be a compactly-generated lcsc group and Λ ⊂ G a uniform approximate lattice. Then Λ∞ is
finitely-generated, and the canonical QI class of G restricts to the canonical QI class of Λ.
A sample application of Theorem 1.13 (using also Theorem 1.11) is the following:
Corollary 1.14 (Amenability, see Proposition 5.14). LetG be a compactly generated lcsc group and
Λ ⊂ G a uniform approximate lattice. Then Λ is metrically amenable with respect to its canonical QI
class if and only if G is an amenable lcsc group.
The classical QI rigidity problem concerns the converse of the Milnor–Schwarz lemma:
Given a finitely-generated group Γ quasi-isometric toG, is there a homomorphism ρ : Γ→ G
with finite kernel whose image is a uniform lattice inG? IfG is the isometry group of a higher
rank symmetric space of non-compact type, then the answer to this question is positive by a
celebrated result of Kleiner and Leeb [31] (also established independently, but slightly later by
Eskin and Farb [21]). We extend their result to the context of finitely-generated approximate
groups:
Theorem 1.15 (QI rigidity with respect to approximate groups, see Theorem 3.19). Let G be
the isometry group of a higher rank symmetric space of non-compact type. If (Λ,Λ∞) is a finitely-
generated approximate group with Λ quasi-isometric to G, then there exists a homomorphism ρ :
Λ∞ → G with small kernel such that ρ(Λ) is a uniform approximate lattice in G.
The notion of “small kernel” appearing in the theorem is a (necessary) adaption of the finite
kernel condition in the group case; see Subsection 3.4 for the precise definition.
This article is organized as follows: In Section 2 we discuss the definition and basic ex-
amples of uniform approximate lattices. In Section 3 we introduce and discuss the canonical
QI class of uniform approximate lattices. In analogy with the group case, we refer to this
study as “geometric approximate group theory”. In particular, we establish Theorem 1.13
and Theorem 1.15. The discussion in Sections 2 and 3 concerns only metric properties of lcsc
groups and their Delone subsets, and is thus independent of the study of invariant and sta-
tionary measures on the hull. In Section 4 we turn to general (i.e. not necessarily uniform)
approximate lattices. We discuss different possible definitions of non-uniform approximate
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lattices and establish Theorem 1.12. Section 5 discusses the relation between measures on
the hull of an approximate lattice and measures on the ambient lcsc group via periodization.
This is then applied to prove Theorem 1.11. We also combine this theoremwith Theorem 1.13
to derive Corollary 1.14. For a more detailed list of subsections see the table of contents below.
Acknowledgments. The authors thank Y. de Cornulier for numerous comments and clar-
ifications and for pointing out Example 5.13, and T. Dymarz for detailed explanations con-
cerning the QI rigidity problem. They are indebted to Y. Benoist, A. Fish and E. Stark for
suggesting the examples in Subsection 2.4, Example 4.15 and Example 3.26 respectively. Fi-
nally, they thank B. Farb, A. Lubotzky and F. Pogorzelski for comments on an earlier draft
and R. Köhl and A. Nevo for pointing out the references [15] and [17] respectively.
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2. UNIFORM APPROXIMATE LATTICES
2.1. Delone sets in lcsc groups
Let (X, d) be a metric space. Given R > 0 and x ∈ X we denote by BR(x) and BR(x)
the open, respectively closed d-ball of radius R around x, and given A ⊂ G we denote by
NR(A) :=
⋃
x∈ABr(A) the R-neighbourhood of A.
Definition 2.1. Let r,R > 0. A non-empty subset Λ ⊂ X is called
(1) r-uniformly discrete if d(x, y) ≥ r for all x, y ∈ Λ;
(2) R-relatively dense if NR(Λ) = G;
(3) a (r,R)-Delone set if it is both r-uniformly discrete and R-relatively dense.
It is called uniformly discrete, relatively dense or a Delone set if it has the respective property for
some r,R > 0.
We will be interested in Delone sets in locally compact and second countable (lcsc) groups.
By Struble’s theorem [16, Thm. 2.B.4], every lcsc group G admits a proper left-invariant
metric d which induces the given topology on G. The following proposition shows that the
notion of a Delone set in (G, d) does not depend on the choice of d. In fact, it provides a
purely topological characterization of Delone sets in groups. Here a subset Λ ⊂ G is called
left-syndetic if there exists a compact subsetK ⊂ G such that ΛK = G.
Proposition 2.2. Let G be a lcsc group, Λ ⊂ G a subset and d a proper left-invariant metric on G
inducing the given topology.
(i) Λ is uniformly discrete in G if and only if the identity e ∈ G is not an accumulation point of
Λ−1Λ.
(ii) Λ is relatively dense in G if and only if it is left-syndetic.
In particular, the property of being a Delone set in G is independent of the choice of d.
Proof. (i) If Λ is not uniformly discrete, then there exist elements xn 6= yn ∈ Λ such that
d(xn, yn) <
1
n , hence zn := x
−1
n yn ∈ Λ−1Λ satisfies d(zn, e) = d(y−1n xn, e) = d(xn, yn) < 1n , i.e.
lim zn = e. Thus e is not an isolated point of Λ−1Λ.
Conversely, if e is not an isolated point of Λ−1Λ and xn, yn ∈ Λ with zn := x−1n yn → e, then
d(xn, yn) = d(zn, e)→ 0,
showing that Λ is not uniformly discrete.
(ii) Assume that Λ is R-relatively dense and letK := BR(e). Given g ∈ G there exists x ∈ Λ
such that d(g, x) = d(x−1g, e) < R, hence x−1g ∈ BR(e) and thus G = ΛK .
Conversely, if G = ΛK with K compact, then every g ∈ G can be written as g = xk with
x ∈ Λ, k ∈ K , whence
d(g, x) = d(xk, x) = d(k, e) ≤ max
k∈K
d(k, e) <∞. 
It is well-known that every lcsc group contains a Delone set, see e.g. [16, Prop. 3.D.11]. For
our further discussion of Delone sets wewill need a number of discreteness properties related
to uniform discreteness. We say that Λ is locally finite if it is closed and discrete. Equivalently,
the intersection with every compact set (equivalently, with every ball) is finite. We say that
Λ has (left) finite local complexity (FLC) if Λ−1Λ is locally finite. We call Λ left-uniformly locally
finite if for every compact setK ⊂ Gwe have
sup
g∈G
|Λ ∩ gK| <∞.
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To relate these different notions of discreteness, we need the following alternative characteri-
zation of uniformly discrete sets.
Lemma 2.3. A subset Λ ⊂ G is uniformly discrete if and only if there exists an open subset V ⊂ G
such that |Λ ∩ gV | ≤ 1 for all g ∈ G.
Proof. If a set V as in the lemma does not exist then for every r > 0 we find gr, hr ∈ Λ and
g ∈ G with {gr, hr} ⊂ gBr(e). Thus g−1r hr ∈ Br(e)2 ⊂ B2r(e) and hence g−1r hr → e as
r → 0. Then e ∈ G is an accumulation point of Λ−1Λ, and thus Λ is not uniformly discrete.
Conversely assume that a set V as in the lemma exists. We may assume that V contains e;
then Λ ∩ λV = {λ} for every λ ∈ Λ and thus
Λ−1Λ ∩ V =
⋃
λ∈Λ−1
λ−1(Λ ∩ λV ) =
⋃
λ∈Λ−1
λ−1{λ} = {e},
showing that Λ is uniformly discrete. 
It follows from Lemma 2.3 that every uniformly discrete set is left-uniformly locally finite,
since every compact set can be covered by finitely many translates of V as in the lemma.
Combining this observation with Proposition 2.2.(i) we obtain the chain of implications
Λ has FLC⇒ Λ−1Λ discrete⇒ Λ uniformly discrete
⇒ Λ left-uniformly locally finite⇒ Λ locally finite⇒ Λ discrete. (2.1)
Remark 2.4. Wehave defineduniform discreteness in terms of left-invariant metrics, and con-
sequently it is related to left-FLC and left-uniform local finiteness. We could define similar
notions of right-uniform discreteness, right-FLC (local finiteness of ΛΛ−1) and right-uniform
local finiteness and obtain similar implications. However, in the sequel we are mostly inter-
ested in symmetric sets (i.e. Λ satisfying Λ = Λ−1) for which these distinctions do not matter,
so we will not dwell on this point.
2.2. Definitions and first examples
Definition 2.5. An approximate group is a pair (Λ,Λ∞), where Λ∞ is a group and Λ ⊂ Λ∞ is a
subset such that
(AG1) Λ is symmetric, i.e. Λ = Λ−1, and contains the identity;
(AG2) Λ generates Λ∞ as a group;
(AG3) there exists a finite subset F ⊂ Λ∞ such that Λ2 ⊂ FΛ.
A homomorphism ρ : (Λ,Λ∞) → (Ξ,Ξ∞) of approximate groups is a group homomorphism
ρ : Λ∞ → Ξ∞ which satisfies ρ(Λ) ⊂ Ξ.
We consider groups as approximate groups by identifying a group Γ with the approxi-
mate group (Γ,Γ). We then refer to a homomorphism (Λ,Λ∞) → (Γ,Γ) as a representation of
(Λ,Λ∞). The image of such a representation is then called an approximate subgroup of Γ. This
notion of approximate subgroup agrees with [43, 11].
The definition of homomorphism of approximate groups defined here is stronger than the
notion of a Freiman-homomorphism often used in approximate group theory. Wewill discuss
this weaker notion briefly in Subsection 3.5 below.
Condition (AG3) is asymmetric. We could define a condition (AG3op) by demanding that
there is F ⊂ Λ∞ finite such that Λ2 ⊂ ΛF . While (AG3) and (AG3op) are not equivalent in
general, they agree for symmetric sets Λ, since if Λ = Λ−1 and Λ2 ⊂ FΛ, then
Λ2 = (Λ2)−1 = (FΛ)−1 = ΛF−1.
APPROXIMATE LATTICES 9
Replacing F by F ∪ F−1 we may assume that Λ2 ⊂ FΛ ∩ ΛF for every approximate group.
Definition 2.6. Let G be a lcsc group. An approximate subgroup Λ ⊂ G is called a uniform
approximate lattice if it is moreover a Delone subset. In this case G is called an envelope of
(Λ,Λ∞).
Note that by definition Λ ⊂ G is an approximate lattice if it is a Delone set which satisfies
(AG1) and (AG3) for some F ⊂ G.
Example 2.7. A subgroupΓ < G is an approximate uniform lattice if and only if it is a uniform
lattice. Indeed, if Γ is Delone, then it is discrete by (2.1) and left-syndetic, hence a uniform
lattice. Conversely, if Γ is a uniform lattice, then it is left-syndetic, and Γ−1Γ = Γ is discrete,
hence Γ is uniformly discrete by (2.1).
In the last example, Λ∞ = Γ was also a discrete subset of G. However, discreteness of
Λ∞ is not part of the definition of an approximate lattice, and we will discuss examples of
approximate lattices Λ ⊂ G in Subsection 2.3 below for which Λ∞ is actually dense in G.
Example 2.8. Relatively dense symmetric subsets of uniform lattices, and in fact of approxi-
mate uniform lattices are approximate uniform lattices provided the contain the identity.
The proof is based on the following characterization of approximate lattices, which is of
independent interest.
Proposition 2.9. Let G be a lcsc group and assume Λ = Λ−1 ⊂ G is relatively dense and contains
the identity. Then the following are equivalent.
(i) Λ is an approximate lattice.
(ii) Λk is uniformly discrete for all k ≥ 1.
(iii) Λ6 is discrete.
(iv) Λ3 is locally finite.
Proof. (i) ⇒ (ii) For all k ≥ 1 we have Λk ⊂ FΛk−1 and hence Λk ⊂ F k−1Λ by induction.
Since F k−1 is finite and Λ is discrete, F k−1Λ is discrete. Thus for all k ≥ 1we have that Λ2k is
discrete, whence Λk is uniformly discrete by (2.1).
(iv)⇒ (i) If Λ3 is locally finite, then Λ is uniformly discrete by (2.1). To establish (AG3), we
define F := BR(e) ∩ Λ3, where R is chosen in such a way that Λ is R-relatively dense. Since
Λ3 is locally finite, F is finite. Now let z ∈ Λ2 and write z = xy with x, y ∈ Λ. By definition of
R there exists w ∈ Λ with dG(w, z−1) < R, hence zw = zxy ∈ F . Thus z ∈ (zw)w−1 ∈ FΛ.
Now the implication (ii)⇒ (iii) is obvious, and (iii)⇒ (iv) follows from (2.1). This finishes
the proof of the proposition. 
Corollary 2.10. Let Λ ⊂ G be an approximate lattice and Λ0 ⊂ Λ be a symmetric subset containing
the identity. Then the following are equivalent.
(i) Λ0 is an approximate lattice in G.
(ii) Λ0 is relatively dense in G.
(iii) Λ0 is relatively dense in Λ.
Proof. The equivalence (i)⇔(ii) is immediate from Proposition 2.9 since a subset of a discrete
set is discrete. If Λ0 is relatively dense in Λ, then there exists a finite subset K1 ⊂ Λ and a
compact subsetK2 ⊂ G such that Λ = Λ0K1 and G = ΛK2 and hence G = Λ0K1K2 showing
that Λ0 is relatively dense in G. Conversely, if Λ0 is relatively dense in G, say G = Λ0K
with K compact, then every g ∈ Λ can be written as g = γk with γ ∈ Λ0 and k ∈ K . Then
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k = γ−1g ∈ Λ2, hence Γ = Γ0(K ∩ Λ2). Now (K ∩ Λ2) is finite by Proposition 2.9, and hence
Λ0 is relatively dense in Λ. 
Among the various characterizations of approximate lattice in Proposition 2.9, (iii) is often
the most convenient one, since one does not have to check that Λ6 is closed. Note that if
Λ ⊂ G is a uniform approximate lattice, then by Proposition 2.9.(ii) the set Λ−1Λ = Λ2 is
uniformly discrete, hence Λ has FLC by (2.1).
2.3. Model sets and Meyer sets
We now turn to examples of uniform approximate lattices which are not contained in uni-
form lattices. These examples are based on Meyer’s construction of cut-and-project sets,
which we recall briefly.
Definition 2.11. A cut-and-project-scheme is a triple (G,H,Γ) where G and H are lcsc groups
and Γ < G×H is a lattice which projects injectively toG and densely toH . A cut-and-project
scheme is called uniform if Γ is moreover a uniform lattice.
Given a cut-and-project scheme (G,H,Γ) we denote by πG, πH the coordinate projections
of G × H and set ΓG := πG(Γ) and ΓH := πH(Γ). We then define a map τ : ΓG → H as
τ := πH ◦ (πG|Γ)−1. Note that the image of τ is precisely ΓH ; in the abelian case this map is
sometimes called the “∗-map”.
Definition 2.12. Let (G,H,Γ) be a cut-and-project scheme with associated “∗-map” τ : ΓG →
H . Given a compact subsetW0 ⊂ H , the pre-image
P0(Γ,W0) := τ
−1(W0) ⊂ G
is called a weak model set, andW0 is called its window. A weak model set is called a model set if
its window has non-empty interior. It is called regular if the windowW0 is Jordan-measurable
with dense interior, aperiodic (i.e. StabH(W0) = {e}) and satisfies ∂W0 ∩ ΓH = ∅. A model
set is called a uniform model set if the underlying cut-and-project scheme is uniform. AMeyer
set is a relatively dense subset of a uniform model set.
The following proposition goes back to Meyer [32] for abelian groups.
Proposition 2.13. Λ = P0(Γ,W0) be a model set over (G,H,Γ).
(i) Λ, and in fact Λ−1Λ, is uniformly discrete. In particular, Λ has finite local complexity.
(ii) Λ satisfies (AG3). In particular, it is an approximate subgroup if its window is symmetric and
contains the identity.
(iii) If Γ is uniform, then Λ is moreover relatively dense, hence a Delone set.
(iv) If Γ is non-uniform, then Λ is not relatively dense.
In particular, a uniform model set is a uniform approximate lattice if its window is symmetric and
contains the identity.
Proof. (i) IfK ⊂ G is a compact subset, then
Λ−1Λ ∩K = τ−1(W0)−1τ−1(W0) ∩K ⊂ τ−1(W−10 W0) ∩K = πG((K ×W−10 W0) ∩ Γ),
which is finite since Γ is locally finite and K ×W−10 W0 is compact. It thus follows from (2.1)
that Λ is uniformly discrete, and the same argument applies to Λ−1Λ.
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(ii) Since ΓH = τ(ΓG) is dense inH andW0 has non-empty interior we have τ(ΓG)W o0 = H ,
and in particular W 20 is a subset of τ(ΓG)W
o
0 . Since it is compact, there is actually a finite
subset F ⊂ ΓG withW 20 ⊂ τ(F )W o0 ⊂ τ(F )W0. Then (AG3) follows from
Λ2 = τ−1(W0)
2 ⊂ τ−1(τ(F )W0) ⊂ Fτ−1(W0) = FΛ.
(iii) Assume now that Γ < G × H is cocompact. We then find compact subsets K ⊂ G and
L ⊂ H such thatG×H = (K×L)Γ. Since L is compact we can argue as in the proof of (AG3)
to find a finite subset F ⊂ ΓG such that L−1 ⊂ τ(F )(W o0 )−1 ⊂ τ(F )W−10 . We deduce that
FΛ−1 = FπG((G×W−10 ) ∩ Γ) = πG((G × τ(F )W−10 ) ∩ Γ) ⊃ π((G × L−1) ∩ Γ). (2.2)
On the other hand, if g ∈ G, then (g, e) ∈ G×H = (K ×L)Γ and thus (K−1g ×L−1)∩ Γ 6= ∅.
Since πG|Γ is injective we deduce with (2.2) that
∅ 6= πG((K−1g × L−1) ∩ Γ) ⊂ K−1g ∩ πG((G × L−1) ∩ Γ) ⊂ K−1g ∩ FΛ−1,
hence g ∈ KFΛ−1. Since g ∈ G was arbitrary we obtain G = KFΛ−1 and hence G = G−1 =
ΛF−1K−1, showing that Λ is relatively dense.
(iv) Assume that Λ is relatively dense and let K ⊂ G compact with G = ΛK . Let L be a
compact identity neighbourhood in H . We claim that G × H = Γ(K ×W−10 U). Indeed, let
(g, h) ∈ G×H ; since ΓH is dense inH we find γ1 ∈ ΓG and u ∈ U such that h = τ(γ1)u. Since
G = ΛK we then find γ2 ∈ Λ = τ−1(W0) and k ∈ K with γ−11 g = γ2k. Then
(g, h) = (γ1, τ(γ1))(γ
−1
1 g, u) = (γ1, τ(γ1))(γ2, τ(γ2))(k, τ(γ2)
−1u) ∈ Γ(K ×W−10 U).
Since (g, h) ∈ G×H was arbitrary, this finishes the proof. 
Remark 2.14. The assumption that the window W0 has non-empty interior is crucial in the
proof of Proposition 2.13, and the proposition fails for weak model sets. For example, let
V := {(x, y) ∈ Z2 | gcd(x, y) = 1} be the set of visible lattice points in R2. Then V is a weak
model set, which is uniformly discrete and satisfies V 2 = Z2, but is not relatively dense in Z2
(or equivalently R2, see e.g. [3, Prop. 10.4]). Moreover, since V 2 = Z2 and V is not relatively
dense in Z2, it does not satisfy (AG3). Thus V ∪ {(0, 0)} is not even an approximate group.
Combining Proposition 2.13 with Corollary 2.10 we deduce:
Example 2.15. A Meyer set is a uniform approximate lattice if it is symmetric and contains
the identity.
The following converse theorem is due to Meyer [32]; see [33] for a detailed discussion.
Theorem 2.16 (Meyer). Every uniform approximate lattice in an abelian lcsc group is a Meyer set.
Currently we do not know a single example of a uniform approximate lattice in a non-
abelian lcsc group for which we can show that it is not Meyer.
Problem 1. For which lcsc groups G is every uniform approximate lattice in G a Meyer set?
Remark 2.17. A related question is whether certain classes of approximate lattices are con-
tained in specific classes of model sets. For example, it is proved in [6] that every “sufficiently
aperiodic” 2-approximate lattice in a countable amenable group is a subsets of a Sturmian set
(a very special model set) with the same upper Banach density.
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2.4. Uniform approximate lattices in nilpotent Lie groups without lattices
The goal of this subsection is to show that there exist Lie groups which admit approximate
uniform lattices, but no lattices. In fact, these Lie groups can be chosen to be nilpotent and of
dimension 7. The following concrete example below was pointed out to us by Y. Benoist.
The list of all 7-dimensional nilpotent real Lie algebras is provided in [27]. According to
item (123457I) of this list, there exists a family of pairwise non-isomorphic nilpotent real Lie
algebra gλ parametrized by λ ∈ R \ {0, 1} with basis X1, . . . ,X7 and bracket relations
[X1,Xi] = Xi+1 (2 ≤ i ≤ 6), [X2,X3] = X5, [X2,X4] = X6,
[X2,X5] = λX7, [X3,X4] = (1− λ)X7,
where we use the standard convention that all Lie brackets not determined by the relations
above are 0. (The definition actually extends to λ ∈ {0, 1}, but the argument in Lemma 2.18
does not.)
We recall from [17, Note, following Thm. 1.1.13] that a basis (Y1, . . . , Y7) of gλ is called a
strong Malcev basis provided that the linear subspaces hm := 〈Y1, . . . , Ym〉 ⊂ gλ are ideals for
allm = 1, . . . , 7.
Lemma 2.18. Let Y1, . . . , Y7 be a strong Malcev basis of gλ for some λ ∈ R \ {0, 1}. Then there exist
µ1, . . . , µ7 ∈ R× such that
Y1 = µ7X7, Y2 = µ6X6, . . . , Y6 = µ2X2, Y7 = µ1X1.
Proof. If Y1, . . . , Y7 is a strong Malcev basis, then [X1, Y1] ∈ R · Y1. SinceX1, 7∑
j=1
µjXj
 = 6∑
j=1
µjXj+1,
this is only possible if Y1 = µ7X7 for some µ7 ∈ R× and thus h1 = R · Y7. Similarly the
condition [X1, h2/h1] ⊂ h2/h1 implies that Y2 = µ6X6, and recursivelywe obtain the condition
of the lemma. 
Given λ ∈ R \ {0, 1} let us denote by Gλ the unique simply-connected Lie group with Lie
algebra gλ.
Proposition 2.19. The Lie group Gλ admits a (uniform) lattice if and only if λ ∈ Q \ {0, 1}.
Proof. By [17, Thm. 5.1.8] the group Gλ admits a (uniform) lattice if it admits a basis with
rational structure constants. If λ ∈ Q\{0, 1}, thenX1, . . . ,X7 is such a basis. For the converse,
we observe that it follows from [17, Thm. 5.1.6 and Thm. 5.1.8] that ifGλ contains a (uniform)
lattice, then not only does it admit a basis with rational structure constants, but even a strong
Malcev basis with rational structure constants. By Lemma 2.18 this implies that there exist
µ1, . . . , µ7 ∈ R× such that
[µiXi, µjXj ] ∈ Q (1 ≤ i, j ≤ 7),
which amounts to{
µ1µ2
µ3
,
µ1µ3
µ4
,
µ1µ4
µ5
,
µ1µ5
µ6
,
µ1µ6
µ7
,
µ2µ3
µ5
,
µ2µ4
µ6
,
µ2µ5
λµ7
,
µ3µ4
(1− λ)µ7
}
⊂ Q. (2.3)
Thus if we write a ≡Q b to denote that a, b ∈ R× are rational multiples of each other, then we
have
µ7 ≡Q µ1µ6 ≡Q µ1µ2µ4 = µ2µ1µ4 ≡Q µ2µ5 ≡Q λµ7,
hence λ ≡Q 1, i.e. λ is rational. 
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Corollary 2.20. Let λ ∈ Q \Q. Then Gλ admits a uniform model set, but does not admit any lattice.
Proof. That Gλ does not admit a lattice was already established in Proposition 2.19. Con-
versely, let K := Q(λ) and let n := [K : Q] < ∞. Since the structure constants with respect
to the basis (X1, . . . ,X7) of gλ are contained in K , the group Gλ = G(R) is given by the
real points of an algebraic group G defined over K . Let H := ResK/QG denote the Weil re-
striction of G to Q. Then H is defined over Q, and there exists a real Lie group H such that
H(R) = Gλ×H . SinceH is defined overQ the groupGλ×H contains a uniform lattice Γ, and
one can show that this lattice is irreducible. It thus gives rise to a uniformmodel set in Gλ via
the construction in Example 1.8 (by choosing appropriate compact windows in H). 
The same argument applies to any simply-connected nilpotent algebraic group, which is
defined over a number field, but not over Q. However, since writing out such examples
explicitly in higher dimension gets complicated very quickly, we confine ourself to one more
example with interesting additional properties.
Example 2.21. A class of 8-dimensional nilpotent Lie algebras gd, parametrized by d ∈ R, is
given by generators {X1, . . . ,X5, Y1, Y2} and bracket relations
[X1,X2] = [X3,X4] = Y1, [X3,X5] = [X6,X4] = Y2, [X5,X6] = dY1,
where again we use the convention that all Lie brackets not determined by the relations above
are 0. One can again show, that the corresponding simply-connected Lie group Gd admits a
(uniform) lattice if and only if d ∈ Q, though the proof is more involved (see [42]). On the
other hand, one shows just as in Corollary 2.20 that if d ∈ Q, thenGd admits a uniformmodel
set, and hence a uniform approximate lattice. This example is remarkable for the following
reason: It was established in [19, Prop. 2] that for d 6∈ Q the group Gd is not quasi-isometric
to any finitely-generated group (see Subsection 3.1 below for a discussion of the canonical QI
class of a compactly-generated group), in fact not even to any vertex-transitive graph. On
the other hand, we will see in Theorem 3.4 below that for d ∈ Q \ Q it is quasi-isometric to a
finitely-generated approximate group, namely any of its uniform approximate lattices.
2.5. Finite generation
In analogy with the group case we say that an approximate group (Λ,Λ∞) is finitely gen-
erated if Λ∞ is finitely generated as an abstract group. Recall that a uniform lattice in a lcsc
group G is finitely generated if and only if G is compactly generated [16, Prop. 5.C.3]. This
statements generalizes to uniform approximate lattices.
Theorem 2.22. Assume Λ ⊂ G is a uniform approximate lattice. Then the following are equivalent.
(i) G is compactly generated.
(ii) Λ is finitely generated.
In this case, there exists a compact subsetK ⊂ G such that
G = 〈K〉 and 〈Λ〉 = 〈Λ2 ∩K〉.
Proof. The implication (ii) ⇒ (i) of the proposition is obvious: If F is a finite generating set
for Λ∞ and K ⊂ G is compact with G = ΛK , then F ∪ K is a compact generating set for
G. Conversely assume that (i) holds. We fix a proper left-invariant metric d inducing the
given topology on G. By [16, Prop. 4.B.8] the space (G, d) is coarsely connected, i.e. there
exists C > 0 such that for every x, y in G there exist points x = x0, x1, . . . , xn = y in G with
d(xi, xi+1) ≤ C for each i ∈ {0, . . . , n − 1}. Also, by assumption Λ is R-relatively dense for
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some R > 0. Let now K be any compact generating set of G containing the ball of radius
C + 2R around e. We claim that every element g ∈ Λ is a finite product of elements in
F := Λ2 ∩K . This will imply that F generates Λ∞ and since F is finite by Proposition 2.9 this
will finish the proof.
Given g ∈ Λ we choose elements e = x0, x1, . . . , xn = g in G such that d(xi, xi+1) ≤ C .
Using relative density of Λ we choose yi ∈ BR(xi) such that yi ∈ Λ. We may assume y0 =
x0 = e and yn = xn = g. For every i ∈ {0, . . . , n− 1} we then have
d(y−1i yi+1, e) = d(yi, yi+1) < C + 2R.
On the other hand, y−1i yi+1 ∈ Λ2, hence y−1i yi+1 ∈ Λ2∩BC+2R(e) ⊂ F . Now, using that y0 = e
and that y−1i yi+1 ∈ F we get
g = yn = yn−1(y
−1
n−1yn) = · · · = (y−10 y1)(y−11 y2) · · · (y−1n−1yn) ∈ Fn.
This finishes the proof. 
3. SOME GEOMETRIC APPROXIMATE GROUP THEORY
3.1. The canonical QI class of a finitely-generated approximate group
Finitely generated groups carry a distinguished quasi-isometry class of metrics, whose
study is the subject of geometric group theory. Here we propose a generalization of geometric
group theory to finitely generated approximate groups. To this end, let us fix our notation
concerning quasi-isometries.
Given metric spaces (X, dX ), (Y, dY ) a map f : X → Y is called a (K,C)-quasi-isometric
embedding if for all x1, x2 ∈ X,
1
K
· (dX(x1, x2)− C) ≤ dY (f(x1), f(x2)) ≤ K · dX(x1, x2) + C.
It is called a (K,C)-quasi-isometry if moreover NR(f(X)) = Y for some R > 0. In this case
there exists a quasi-inverse f : Y → X, i.e. a quasi-isometry such that
sup
x∈X
dX(x, f(f(x))) <∞ and sup
y∈Y
dY (y, f(f(y))) <∞.
Example 3.1. The inclusion of a relatively dense subset into ametric space is a quasi-isometry.
In particular, every Delone set is quasi-isometric to its ambient space.
If Γ is a finitely generated group, then any two word metrics with respect to finite gener-
ating sets of S are quasi-isometric. We refer to the common quasi-isometry (QI) class of these
metrics as the canonical QI class of Γ. We need two generalizations of this concept.
Firstly, let G be a compactly generated lcsc group. By [16, Prop. 4.B.4] any two word
metrics with respect to compact generating sets on G are quasi-isometric, and we refer to
their common QI class as the canonical QI class of G.
Secondly, note that if a set X is equipped with a QI class [d] of metrics and Y ⊂ X is an
arbitrary non-empty subset, then any two metrics in [d] restrict to quasi-isometric metrics on
Y , hence the restriction [d]|Y := [d|Y ] is a well-defined QI class on Y . In particular, if (Λ,Λ∞)
is a finitely generated approximate group, then the canonical QI class of Λ∞ restricts to a QI
class of metrics on Λ which we refer to as the canonical QI class of Λ.
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3.2. AMilnor-Schwarz lemma for uniform approximate lattices
A fundamental theorem of geometric group theory is the Milnor-Schwarz Lemma. A clas-
sical version of this theorem can be stated as follows [14, Prop. I.8.19]:
Theorem 3.2 (Milnor–Schwarz Lemma, geometric version). Let X be a proper geodesic metric
space and let Γ be a group. If Γ acts properly and cocompactly on X, then Γ is finitely-generated and
for every x ∈ X the orbit map Γ → X, γ 7→ x is a quasi-isometry with respect to the canonical QI
class of Γ.
It is possible to reformulate this theorem in terms of lcsc groups. The key point here is
that the isometry group Is(X) of a proper metric space carries a natural lcsc group topology.
Namely, the compact-open topology, the topology of pointwise convergence or uniform con-
vergence on compact sets all coincide on Is(X) and turn the latter into a lcsc group [16, Prop.
5.B.5]. In fact, by a theorem of Malicki and Solicki [16, Thm. 5.B.14], every lcsc group is iso-
morphic to Is(X) for a suitable proper metric space X. Moreover, if X is geodesic then Is(X)
is compactly generated [16, Thm. 4.C.5]. A proper cocompact action of Γ on X corresponds
to a homomorphism with finite kernel into Is(X) whose image is a uniform lattice. Thus
Theorem 3.2 admits the following reformulation:
Theorem 3.3 (Milnor–Schwarz Lemma, group theoretical version). Let G be a compactly gener-
ated lcsc group and let Γ < G be a uniform lattice. Then Γ is finitely generated and the canonical QI
class of G restricts to the canonical QI class of Γ.
We generalize this formulation to uniform approximate lattices.
Theorem 3.4 (Milnor–Schwarz Lemma for approximate groups). LetG be a compactly generated
lcsc group and let Λ ⊂ G be a uniform approximate lattice. Then Λ∞ is finitely generated and the
canonical QI class of G restricts to the canonical QI class of Λ.
The following example illustrates the theorem and shows that the inclusion Λ∞ → G is in
general not a quasi-isometry.
Example 3.5. Let (−)∗ : Z[√2]→ Z[√2] denote the Galois conjugation (a+ b√2)∗ := a− b√2
and let Λ ⊂ Λ∞ ⊂ R2 be given by
Λ∞ := {(a, a∗) ∈ R2 | a ∈ Z[
√
2]} ⊃ Λ := {(a, a∗) ∈ R2 | a ∈ Z[
√
2], |a∗| ≤ 5}.
Then (Λ,Λ∞) is an approximate group. Since Λ∞ is a lattice in R2, its canonical quasi-
isometry class is represented by the restriction of the Euclidean metric from R2, an its subset
Λ is easily seen to be quasi-isometric to R. Projection onto the first coordinate defines an em-
bedding π1 : Λ∞ →֒ R, and π1(Λ) is a uniform approximate lattice in R by Proposition 2.13.
In particular, the restriction π1|Λ : Λ → R is a quasi-isometry by Theorem 3.4, as can also be
checked easily directly in this case. Note that the map π1 : Λ∞ → R is not a quasi-isometry,
since points with a small first and large second component are large in Λ∞ but have small
image in R.
The proof of Theorem 3.4 uses a version of Gromov’s “Trivial Lemma” [28, 0.2.D] which
we state in the following convenient form. (For a proof see e.g. [16, Prop. 3.B.9].) Here a
space is called large-scale geodesic if it is quasi-isometric to a geodesic metric space.
Lemma 3.6 (Gromov). LetX be a large-scale geodesic metric space, Y an arbitrary metric space and
f : X → Y a map. Assume that there exists a non-decreasing function ρ : [0,∞)→ [0,∞) such that
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for all x1, x2 ∈ X.
dY (f(x1), f(x2)) ≤ ρ(dX(x1, x2)).
Then there exist constants C > 1, D > 0 such that for all x1, x2 ∈ X we have
dY (f(x1), f(x2)) ≤ C · dX(x1, x2) +D. 
Proof of Theorem 3.4. That Λ∞ is finitely generated was already established in Theorem 2.22.
Moreover, according to this theorem we can find a compact generating set K of G with the
property that F := K ∩ Λ2 generates Λ∞. We may assume that K , and hence F , contains the
identity so that Λ∞ is the ascending union of the sets F k.
Let us denote the word lengths with respect toK and F by ‖− ‖K and ‖− ‖F respectively,
and by dK and dF the corresponding left-invariant word metrics. Since Λ is a Delone set in
G, the inclusion (Λ, dK |Λ) →֒ (G, dK) is a quasi-isometry. We thus need to show only that the
identity map
ι : (Λ, dK |Λ)→ (Λ, dF |Λ)
is a quasi-isometry. Since F ⊂ K we have ‖g‖F ≥ ‖g‖K for all g ∈ Λ∞ and thus dK(x1, x2) ≤
dF (x1, x2) = dF (ι(x1), ι(x2)) for all x1, x2 ∈ Λ. It thus remains to show that there exist C > 1,
D > 0 such that for all x1, x2 ∈ Λ,
dF (ι(x1), ι(x2)) ≤ C · dK(x1, x2)) +D
By [16, Prop. 4.B.4] the space (G, dK) is large-scale geodesic. Since this property is a quasi-
isometry invariant, we deduce that also (Λ, dK |Λ) is large-scale geodesic. Consequently,
Lemma 3.6 applies and we are reduced to showing that there exists a non-decreasing function
ρ : [0,∞)→ [0,∞) such that for all x1, x2 ∈ Λ,
dF (ι(x1), ι(x2)) = dF (x1, x2) ≤ ρ(dK(x1, x2)). (3.1)
Now for every n ∈ N the set Kn is compact, and hence Kn ∩ Λ is finite. Since Λ is contained
in the ascending union
⋃
F k, every finite subset of Λ is contained in one of these set. We thus
find a non-descreasing function ρ : N→ N such that
Kn ∩ Λ ⊂ F ρ(n).
Thus if g ∈ Λ and n := ‖g‖K , then g ∈ Kn ∩ Λ ⊂ F ρ(n) and thus ‖g‖F ≤ ρ(n) = ρ(‖g‖K).
Since g was arbitrary we deduce that for all g ∈ Gwe have ‖g‖F ≤ ρ(‖g‖K)which establishes
(3.1) and finishes the proof. 
3.3. The left-regular quasi-action
Let (X, d) be a metric space. Since the composition of a (K1, C1)-quasi-isometry and a
(K2, C2)-quasi-isometry fromX toX is a (K1K2,K1C2+K2C1)-quasi-isometry, the set Q˜I(X)
of all self-quasi-isometries ofX is closed under composition. We call f, g ∈ Q˜I(X) equivalent,
denoted f ∼ g, provided
sup
x∈X
d(f(x), g(x)) <∞.
Then QI(X) := Q˜I(X)/ ∼ is a group under composition of representatives, called the quasi-
isometry group of X. Implicitly the group QI(X) appears in many applications in geometric
group theory. Explicitly it appears e.g. in [23, 18]. Given f ∈ Q˜I(X) we denote by [f ] the
equivalence class of f in QI(X). We say that a class in QI(X) is a (K,C)-quasi-isometry class
if it can be represented by a (K,C)-quasi-isometry. A subset A ⊂ QI(X) is called uniform if
there existK,C such that every class in A is a (K,C)-quasi-isometry class.
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Definition 3.7. Let Γ be a group and (Λ,Λ∞) be an approximate group. A homomorphism
ρ : Γ → QI(X) is called a quasi-action of Γ on X if ρ(Γ) is a uniform subset of QI(X). More
generally, a homomorphism ρ : Λ∞ → QI(X) is called a quasi-action of (Λ,Λ∞) on X if ρ(Λ)
is a uniform subset of QI(X).
For groups, this is the standard definition of a quasi-action, see e.g. [34].
Example 3.8. IfG is a compactly-generated lcsc group, then for every g ∈ G the left-multiplication
λg : h 7→ gh define a quasi-isometry of G with respect to the canonical QI class on G, and the
homomorphism λG : G→ QI(G), g 7→ [λg] has uniform image, hence defines a quasi-action.
Definition 3.9. Given a compactly-generated lcsc groupG, the quasi-action λG : G→ QI(G),
g 7→ [λg] is called the left-regular quasi-action of G.
Remark 3.10. Given a metric space X, the canonical group homomorphism Is(X) → QI(X)
need not be injective. For example, the the image of Is(R) ∼= R ⋊ Z/2Z in QI(R) collapes to
Z/2Z. For the same reason, the left-regular quasi-action of a compactly-generated lcsc group
need not be faithful. For example, the left-regular quasi-action of an abelian group is always
trivial. One can show that in general the kernel of the left-regular quasi-action is given by the
elements whose conjugacy class is bounded.
We now extend the definition of the left-regular quasi-action to finitely-generated approx-
imate groups.
Proposition 3.11. Let (Λ,Λ∞) be a finitely-generated approximate group and S ⊂ Λ∞ a finite
generating set. There exists a unique quasi-action λ : Λ∞ → QI(Λ) and (non-unique) representatives
λg ∈ λ(g) with the following properties.
(i) For every g ∈ Λ∞,
D(g) := sup
h∈Λ
dS(λg(h), gh) <∞,
and for every k ≥ 1 the constant D(g) is bounded uniformly over Λk.
(ii) For every k ≥ 1 the subset λ(Λk) ⊂ QI(Λ) is uniform.
(iii) If k, l ≥ 1 then λgλh is at uniformly bounded distance from λgh as g ranges over Λk and h ranges
over Λl.
Note that in the group case (Λ,Λ∞) = (Γ,Γ) the quasi-acion λ is just the left-regular quasi-
action. We thus define:
Definition 3.12. The quasi-action λ : Λ∞ → QI(Λ), g 7→ [λg] is called the left-regular quasi-
action of the finitely-generated approximate group (Λ,Λ∞).
Concerning the proof of Proposition 3.11, it is clear that λ is uniquely determined by (i). To
show existence of λ, we choose a finite set F ⊂ Λ∞ such that Λ2 ⊂ ΛF and define
δ := max
f∈F
dS(e, f).
We consider each of the sets Λn ⊂ Λ∞ as a metric space with respect to the restriction of dS
so that the inclusions Λ ⊂ Λ2 ⊂ Λ3 ⊂ . . . are isometric. Note that since Λn+1 ⊂ ΛnF , every
x ∈ Λn+1 can be written as x = x′f with f ∈ F and x′ ∈ Λn. Thus
d(x, x′) = d(x′f, x′) = d(f, e) ≤ δ,
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i.e. Λn is δ-relatively dense in Λn+1 and the inclusion ιn+1n : Λ
n → Λn+1 is a quasi-isometry.
We can thus find a map pn+1n : Λ
n+1 → Λn such that
pn+1n ι
n+1
n (x) = x for all x ∈ Λn and d(ιn+1n (pn+1n (x)), x) ≤ δ for all x ∈ Λn+1.
We thus have a tower of (1, 2δ)-quasi-isometries
Λ
ι21
**
Λ2
p21
ii
ι32
**
Λ3
p32
jj
ι43
**
Λ4
p43
jj
ι54
**
Λ5
p54
jj
ι65
**
Λ6
p65
jj
ι76
((. . .
p76
jj
In the sequel we denote for all k < n by ιnk : Λ
k → Λn the isometric embedding and define
pnk : Λ
n → Λk, x 7→ pnn−1 ◦ · · · ◦ pk+1k (x).
Then for all k < n the maps ιnk and p
n
k are (1, 2(n − k)δ)-quasi-isometries and satisfy
pnk(ι
n
k (x)) = x.
Now let g ∈ Λk and x ∈ Λ. Then gx ∈ Λk+1, and for every n ≥ k + 1we have
pn1 (gx) = p
n
1 ι
n
k+1(gx) = p
k+1
1 p
n
k+1ι
n
k+1(gx) = p
k+1(gx).
Thus λg(x) := pn(gx) is well-defined independent of n as long as n is sufficiently large. More-
over, if g ∈ Λk then λg : Λ→ Λ is a (1, 2kδ)-quasi-isometry, which we can visualize as
λg : Λ
g·
++
Λ2
p21
ii Λ3
p32
jj . . .
p43
jj Λk+1
pk
k−1
jj .
Proof of Proposition 3.11. Set λ(g) := [λg]. Then (i) and (ii) hold by our previous discussion. As
for (iii), given g ∈ Λk, h ∈ Λl and x ∈ Λ we have
d(λgh(x), λgλh(x)) = d(p
k+l+1
1 (ghx), p
k+1
1 (gp
l+1
1 (hx)))
≤ d(pk+l+11 (ghx), ghx) + d(ghx, gpl+11 (hx))
+d(gpl+11 (hx), p
k+1
1 (gp
l+1
1 (hx)))
≤ 2(k + l)δ + 2lδ + 2kδ
≤ 4(k + l)δ,
This implies in particular that [λgh] = [λg][λh], which shows that λ is a homomorphism and
finishes the proof. 
3.4. The QI-rigidity problem
Let G be a compactly generated lcsc group. A homomorphism from a finitely generated
group Γ to G is called geometric if it has finite kernel and its image is a uniform lattice in
G. By a variation of the Milnor-Schwarz lemma, if ρ : Γ → G is geometric, then Γ is quasi-
isometric to G. The QI-rigidity problem asks for a converse to this statement. There are
various different inequivalent versions in the literature. We will generalize the following
weak notion.
Definition 3.13. A lcsc group G is called QI-rigid (with respect to groups) if every finitely
generated group Γ quasi-isometric to G admits a geometric homomorphism into G.
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Wewould like to formulate an analogous notion of QI-rigidity with respect to approximate
groups. A subtle point concerns the definition of geometric homomorphism. It turns out that
allowing for finite kernels is not good enough:
Example 3.14. Let Γ1 be a finitely-generated uniform lattice in a lcsc group G, Γ2 a finitely
generated group which does not embed in G and S ⊂ Γ2 a finite generating set. Then
(Λ,Λ∞) := (Γ1 × S,Γ1 × Γ2) is a finitely-generated approximate group quasi-isometric to
G, but there is no embedding of Λ∞ into G. However, projection to the first factor provides a
map π : Λ∞ → G with infinite kernel which restricts to a quasi-isometry Λ → G. Note that
the induced map Λ → π(Λ) is a quasi-isometry with respect to the respective canonical QI
classes.
In view of this example we define:
Definition 3.15. Let (Λ,Λ∞) be a finitely generated approximate group, (Ξ,Ξ∞) an arbitrary
approximate group and ρ : (Λ,Λ∞) → (Ξ,Ξ∞) a homomorphism. We say that ρ has small
kernel if the induced surjection Λ→ ρ(Λ) is a quasi-isometry with respect to the canonical QI
classes of (Λ,Λ∞) and (ρ(Λ), ρ(Λ)∞).
Definition 3.16. LetG be a lscs group and (Λ,Λ∞) a finitely generated approximate group. A
geometric representation of a finitely-generated approximate group (Λ,Λ∞) is a representation
ρ : Λ∞ → Gwith small kernel such that ϕ(Λ) is a uniform approximate lattice in G.
It is immediate from Theorem 3.4 that every geometric representation ϕ : Λ∞ → G restricts
to a quasi-isometry Λ→ G.
Definition 3.17. A lcsc group G is QI-rigid with respect to approximate groups if every finitely-
generated approximate group quasi-isometric to G admits a geometric representation into
G.
Problem 2. Find examples of lcsc groups G which are QI-rigid with respect to approximate groups.
To show that our definition of QI-rigidity is meaningful we extend the celebrated QI-
rigidity results of Kleiner and Leeb [31] concerning higher rank symmetric spaces of non-
compact type to the setting of approximate groups. We expect that other classical QI-rigidity
results can be extended to the approximate setting along similar lines.
Definition 3.18. Let (X, d) be a proper locally compact geodesic metric space and assume
that Is(X, d) acts cocompactly on X. Then X is called a Kleiner–Leeb (KL) space if for every
K ≥ 1, C > 0 there exists D > 0 such that every (K,C)-quasi-isometry f of X there exists a
unique isometry f̂ of (X, d) such that d(f(g), f̂ (g)) < D for all g ∈ G.
Note that the KL condition implies that the inclusion Is(X, d)→ QI(X) is an isomorphism;
however, it is slightly stronger in that it demands that the constantD in the definition is uni-
form in the quasi-isometry constants K and C . By the theorem of Kleiner and Leeb alluded
to earlier, every higher rank symmetric space of non-compact type is a KL-space [31], hence
the name. Other examples are given by quaternion hyperbolic spaces [35] and certain higher
rank Euclidean Tits buildings [31]. We are going to prove:
Theorem 3.19. Let X be a Kleiner–Leeb space and G := Is(X). Then G is QI-rigid with respect to
approximate groups.
The first step in the proof of Theorem 3.19 is the following observation. Recall from Defi-
nition 3.9 the definition of the left-regular quasi-action of a compactly-generated lcsc group.
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Proposition 3.20. If G is the isometry group of a Kleiner–Leeb space, then G is compactly-generated
and the left-regular quasi-action λG : G→ QI(G) is an isomorphism.
Proof. It follows from [16, Thm 4.C.5 and Prop. 5.B.10] that G is compactly generated and
that the orbit maps G → X are quasi-isometries. In particular, QI(X) ∼= QI(G). Moreover,
the KL assumption implies that the canonical map Is(X, d)→ QI(X) is an isomorphism, and
the composition of these two isomorphisms coincides with the left-regular quasi-action. 
Now let G be the isometry group of a KL space and let (Λ,Λ∞) be a finitely-generated ap-
proimate group quasi-isometric to G. We fix a quasi-isometry ϕ : Λ→ G and a quasi-inverse
ϕ : G → Λ with ϕ(e) = e and ϕ(e) = e. Denote by ψ : QI(Λ) → QI(G) the isomorphism
f 7→ ϕ ◦ f ◦ ϕ. Denote by λ : Λ∞ → QI(Λ) the left-regular quasi-action of (Λ,Λ∞) (cf. Defini-
tion 3.12). By Proposition 3.20 we then obtain a homomorphism
ρ : Λ∞
λ−→ QI(Λ) ψ−→ QI(G) λ
−1
G−−→ G.
We are going to show that ρ is a geometric representation. For this we have to establish the
following three items.
(GR1) For every γ ∈ Λ the elements ρ(γ) and ϕ(γ) are at uniformly bounded distance. Since
ϕ(Λ) is relatively dense in G, this implies that ρ(Λ) is relatively dense in G.
(GR2) ρ(Λ)3 ⊂ G is uniformly finite, and hence ρ(Λ) is an approximate lattice in G by (GR1)
and Proposition 2.9.
(GR3) ρ has small kernel.
For the proof of (GR1) we need:
Lemma 3.21. For every k ≥ 1 there exists Dk > 0 such that for all γ ∈ Λk,
sup
h∈G
d(ϕ(λγ(ϕ(h))), ρ(γ)h) < Dk.
Proof. By definition ρ(γ) is the unique element in G such that
D(γ) := sup
h∈G
d(ϕ(λγ(ϕ(h))), ρ(γ)h) <∞.
Moreover, by Proposition 3.11 the set λ(Λk) ⊂ QI(Λk) is uniform, and thus the set ϕ(λ(Λk))
is uniform. It thus follows from the KL property thatD(γ) is uniformly bounded as γ ranges
over Λk. 
Proof of (GR1). Apply Lemma 3.21 with k = 1 to obtain for all γ ∈ Λ the inequality
d(ϕ(γ), ρ(γ)) = d(ϕ(λγ(ϕ(e))), ρ(γ)e) ≤ sup
h∈G
d(ϕ(λγ(ϕ(h))), ρ(γ)h) < D1. 
Continuing towards (GR2) we observe that the map
p : Λ3 × Λ→ Λ× Λ, (γ, x) 7→ (x, λγ(x))
is proper, i.e. pre-images of balls are finite. For the proof of this observation we fix a word
metric d on Λ∞ and observe that by Proposition 3.11 there exists C > 0 such that
d(λγ(x), γx) < C (3.2)
for all γ ∈ Λ3 and x ∈ Λ. Now let R > 0 and assume that (γ, x) ∈ Λ3 × Λ satisfies
p(γ, x) = (x, λγ(x)) ∈ (BR(e) ∩ Λ)× (BR(e) ∩ Λ),
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i.e. d(e, x) < R and d(e, λγ(x)) < R. From the latter inequality and (3.2) we deduce that
d(x, γ−1) = d(e, γx) ≤ d(e, λγ(x)) + d(λγ(x), γx) < R+ C,
and hence γ ∈ BR+C(x)−1. We deduce that for every R > 0 the set
p−1 ((BR(e) ∩ Λ)× (BR(e) ∩ Λ)) ⊂ BR(e) ×
 ⋃
x∈BR(e)
BR+C(x)
−1

is finite, and hence p is proper as claimed.
Lemma 3.22. Let Ξ := ρ(Γ)3 = ρ(Λ3) and equip Ξ with the discrete topology. Then the map
Ξ×G→ G×G given by (ξ, g) 7→ (g, ξ.g) is proper.
Proof. By properness of pwe know that for every R > 0 the set
FR(Λ
3) := {γ ∈ Λk | BR(e) ∩ λγ(BR(e)) 6= ∅}
is finite, and we need to show that for every N ∈ N the set
FN (Ξ) := {ξ ∈ Ξ | BN (e) ∩ ξ.BN (e) 6= ∅}
is finite. Choose (R,C) such that ϕ,ϕ are (R,C)-quasi-isometries and their compositions are
bounded by C , and letDk as in Lemma 3.21. Finally, let N ∈ N and ξ ∈ FN (Ξ) and define
C ′ := max{RN + C,R(N +D3) + 2C}.
Since ρ : Λ3 → Ξ is surjective we then find γ ∈ Λ3 such that ξ = ρ(γ), and since ξ ∈ FN (Ξ)
we haveBN (e)∩ρ(γ)BN (e) 6= ∅. We thus find g ∈ G such that d(g, e) < N and d(ρ(γ−1)g, e) <
N . The former inequality implies that d(ϕ(g), e) < RN + C ≤ C ′, and we deduce from the
latter inequality and Lemma 3.21 that
d(ϕ(λγ−1(e)), e) ≤ d(ϕ(λγ−1(ϕ(e))), ρ(γ−1)g) + d(ρ(γ−1)g, e) < N +D3,
and hence
d(λγ−1(e), e) ≤ d(ϕ(ϕ(λγ−1(e))), ϕ(e)) + C < R(N +D3) + 2C ≤ C ′.
Combining these two observatione we conclude that
max{d(ϕ(g), e), d(λγ−1 (ϕ(g))), e)} ≤ C ′,
and hence ϕ(g) ∈ BC′(e) ∩ λγ(BC′(e)) , which implies γ ∈ FC′(Λ3). This shows that FN (Ξ) ⊂
ρ(FC′(Λ
3)) is finite and finishes the proof. 
Proof of (GR2). By Lemma 3.22 the map ρ(Λ)3 × G → G × G, (γ, g) 7→ (g, γg) is proper. It
follows that for every R > 0 the set
ρ(Λ)3 ∩BR(e) = {ξ ∈ ρ(Λ)3 | ξ ∈ BR(e)} ⊂ {ξ ∈ ρ(Λ3) | B2R(e) ∩ ξB2R(e) 6= ∅}
is finite, i.e. the set ρ(Λ)3 is locally finite. 
Proof of (GR3). We consider the maps
Λ→ ρ(Λ) →֒ G.
By (GR1) and (GR2) the subset ρ(Λ) ⊂ G is a uniform approximate lattice, hence the second of
thesemaps is a quasi-isometry by Theorem 3.4. Moreover, by (GR1) the set ρ(Λ) is at bounded
distance from ϕ(Λ). Since ϕ is a quasi-isometry it follows that also the composition of the two
maps is a quasi-isometry. We can thus invert this quasi-isometry to obtain a quasi-isometry
ρ(Λ) →֒ G→ Λ,
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which is quasi-inverse to Λ→ ρ(Λ). 
This finishes the proof of Theorem 3.19.
3.5. Quasi-isometries from Freiman homomorphisms
There is a well-established theory of “partial homomorphism” between approximate groups,
and we will see that in many cases partial isomorphisms induce quasi-isometries between
finitely-generated approximate group. The following definition is taken from [11].
Definition 3.23. Let (Λ,Λ∞), (Ξ,Ξ∞) be approximate groups and k ∈ N. A map ϕ : Λ→ Ξ is
called a k-Freiman homomorphism if for all g1, . . . , gk, γ1, . . . , γk ∈ Λ
g1 · · · gk = γ1 · · · γk =⇒ ϕ(g1) · · ·ϕ(gk) = ϕ(γ1) · · ·ϕ(γk).
A k-Freiman isomorphism is a bijective k-Freiman homomorphism whose inverse is also a k-
Freiman homomorphism.
By definition, every k-Freiman homomorphism extends uniquely to a map ϕ̂ : Λk → Ξk
satisfying ϕ̂(gh) = ϕ̂(g)ϕ̂(h) for all g ∈ Λl, h ∈ Λm as long as l+m ≤ k. It thus follows that the
image of an approximate group under a Freiman 2-homomorphism is again an approximate
group, and that properties of approximate groups which only involve Λk and partial multi-
plications Λl ×Λm → Λk for l+m ≤ k are invariant under Freiman k-isomorphisms. We will
see in Proposition 3.25 below that under suitable convexity assumptions on the approximate
groups involved, Freiman k-isomorphisms between finitely-generated approximate groups
are quasi-isometries.
To formulate these assumptions we introduce the following concepts. Given a metric space
X, we refer to a (K,C)-quasi isometric embedding ϕ : [a, b] → X as a (K,C)-quasi-geodesic
of length b − a. A subset A ⊂ X will be called weakly (R,K,C)-quasi-convex in X provided
for all x, y ∈ A there is a (K,C)-quasi-geodesic between x and y contained in NR(A). If we
do not want to specify the parameters we refer to A as a weakly quasi-convex subset. The latter
notion is invariant under quasi-isometries in the sense that if A is weakly quasi-convex in X
and ϕ : X → Y is a quasi-isometry, then ϕ(A) is weakly quasi-convex in Y (possibly with
larger parameters). Indeed, the image of a quasi-geodesic is again a quasi-geodesic, and if ϕ
is a (K,C)-quasi-isometry, then it maps any subset ofNR(A) to a subset ofNKR+C(ϕ(A)).
Definition 3.24. A finitely generated approximate group (Λ,Λ∞) is quasi-convex if Λ is a
weakly quasi-convex subset of the Cayley graph Cay(Λ∞, S) for some finite generating set
S ⊂ Λ∞.
Note that this notion is actually independent of the generating set, since by the previous
discussion weak quasi-convexity is a QI-invariant. Assume now that (Λ,Λ∞) is quasi-convex
and let S denote a finite generating set of Λ∞. Since for sufficiently large R = R(S) we have
Nk(Λ) ⊂ N1(Λk+1) ⊂ NkR(Λ),
there exist parameters (k,R,C) depending on S such that for all x, y ∈ Λ there exists an
(R,C)-quasigeodesic from x to y in Cay(Λ∞, S) whose vertices are contained in Λk. We then
say that (Λ,Λ∞) is k-quasi-convex with respect to S and call k a convexity parameter of (Λ,Λ∞)
with respect to S.
We will be particularly interested in generating sets S contained in Λ. If Λ∞ is finitely gen-
erated, then such generating sets always exist, since every finite generating set is contained
in Λk for some k ≥ 1 and every element in Λk is a finite product of elements in Λ.
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Proposition 3.25. Let (Λ,Λ∞), (Ξ,Ξ∞) be quasi-convex finitely-generated approximate groups. Let
SΛ ⊂ Λ and SΞ ⊂ Ξ be finite generating sets with convexity parameter k, and let ϕ : Λ → Ξ be a
Freiman (k + 1)-isomorphism with ϕ(SΛ) = SΞ. Then:
(i) ϕ is a quasi-isometry.
(ii) ϕ induces an isomorphism of the left-regular quasi-actions of Λ and Ξ.
Proof. (i) Denote by Γk(Λ, SΛ) the full subgraph of the Cayley graph Cay(Λ∞, SΛ) on the
vertex set Λk, and define Γk(Ξ, SΞ) accordingly. Note that in order to construct these graphs
we only need to know the partial multiplication Λk ×Λ→ Λk+1. In particular, every Freiman
(k + 1)-isomorphism ϕ : Λ→ Ξ as in (i) induces a graph isomorphism
ϕ̂ : Γk(Λ, SΛ)→ Γk(Ξ, SΞ).
By assumption there exist constants (K,C) and for every pair x, y ∈ Λ a (K,C)-quasi-geodesic
γx,y in Cay(Λ∞, SΛ) between x and y contained in Γk(Λ, SΛ). The length ℓ(γx,y) of this curve
is then contained in [ 1K d(x, y) − C,Kd(x, y) + C], and since ϕ̂ is a graph isomorphism, the
curve ϕ̂(γx,y) is of the same length. Note that ϕ̂(γx,y) connects ϕ(x) and ϕ(y) in Γk(Ξ, SΞ),
and hence in Cay(Ξ∞, SΞ). This shows that
KdSΛ(x, y) + C ≥ ℓ(γx,y) = ℓ(ϕ̂(γx,y)) ≥ dSΞ(ϕ(x), ϕ(y)) for all x, y ∈ Λ.
and a symmetric argument then yields the existence of constantsK ′, C ′ such that
(K ′)−1dSΛ(x, y)− C ′ ≤ dSΞ(ϕ(x), ϕ(y)) for all x, y ∈ Λ.
Since the constantsK,C and similarly K ′, C ′ are independent of x and y, this shows that the
bijection ϕ is a quasi-isometry.
(ii) follows from (i), since the induced isomorphism ϕ∗ : QI(Λ) → QI(Ξ) intertwines the
corresponding left-regular quasi-actions. 
This motivates the following problem.
Problem 3. Which finitely-generated approximate groups are quasi-convex?
It turns out that many, but certainly not all, finitely-generated approximate groups are
quasi-convex. Non-examples can be constructed by thickenings of “almost normal” non-
quasi-convex subgroups as in the following example, which we learned from Emily Stark.
Example 3.26 (E. Stark). Let Λ∞ := BS(1, 2) := 〈a, b | bab−1 = a2〉 denote the Baumslag-
Solitar group of type (1, 2), and let Λ := 〈a〉 ∪ {b, b−1}. By definition, Λ is symmetric, contains
the identity and generates Λ∞. A short calculation involving the defining relation (and using
that (b−1ab)2 = a) shows that
Λ2 ⊂ Λ{e, b, b−1, b−1a},
hence (Λ,Λ∞) is a finitely-generated approximate group. We claim that it is not quasi-convex.
To see this, we fix the generating set S := {a±1, b±1} and consider wn := a2n . Since wn =
bnab−n we have ‖wn‖S ≤ 2n+ 1. If Λ was weakly quasi-convex inside Cay(Γ∞, S)we would
thus find k ≥ 1 such that e and wn can be joined by a curve of length O(n) in Cay(Γ∞, S)
whose vertices are contained in Λk. However, one can show that for n > 10k+10 the shortest
such curve has vertices
e, b, . . . , bk, bka, . . . , bka2
n−k
, . . . , bka2
n−k
b−k = wn
and length 2k + 2n−k, which is exponential in n.
On the other hand, there do exist many quasi-convex examples:
24 MICHAEL BJÖRKLUND AND TOBIAS HARTNICK
Proposition 3.27. If an approximate group is isomorphic to a uniform model set in a lcsc group, then
it is quasi-convex.
Proof. Let (G,H,Γ) be a uniform cut-and-project scheme and Λ be an associated model set
with windowW0. As an abstract approximate group (Λ,Λ∞) is given by Λ := (G ×W0) ∩ Γ
and Λ∞ := Γ. Since the inclusion Γ →֒ G ×H is a quasi-isometry, we have quasi-isometries
of pairs
(Λ,Λ∞)→ (G×W0, G×H)→ (G,G ×H).
Thus the proposition follows from the fact that G is weakly quasi-convex in G×H . 
4. FROM UNIFORM TO NON-UNIFORM APPROXIMATE LATTICES
4.1. The hull of a closed subset
Let G be a lscs group and Γ < G be a discrete subgroup. An important object in the
study of Γ is the homogeneous space G/Γ. For instance, Γ is a uniform lattice if and only
if G/Γ is compact, and it is a lattice if and only of G/Γ admits a G-invariant probability
measure. If Λ ⊂ G is merely an approximate subgroup, then one can still associate with Λ a
canonical G-space XΛ called the hull of Λ. This G-space is typically non-homogeneous, but it
can sometimes serve as a weak substitute for the homogeneous space G/Γ. We now turn to
the definition of this space.
Given a lcsc space X we denote by C(X) the collection of closed subsets of X with the
Chabauty-Fell topology, i.e. the topology on C(X) generated by the basic open sets
UK = {A ∈ C(X) | A ∩K = ∅} and UV = {A ∈ C(X) | A ∩ V 6= ∅},
whereK runs over all compact subsets ofX and V runs over all open subsets ofX. Under the
present assumptions on X, the space C(X) is a compact metrizable space (see e.g. [36, Prop.
1.7 and Prop. 1.8]). The Chabauty-Fell topology has the following convenient property:
Lemma 4.1. Assume that Pn → P in C(X). Then for every p ∈ P there exist elements pn ∈ Pn such
that pn → p.
Proof. If p ∈ P then P ∈ UBǫ(p) for every ǫ > 0. Thus if Pn → P then for every ǫ > 0 we find
n0 ∈ N such that Pn ∈ UBǫ(p) for every n ≥ n0. Thus there exists a point pn,ǫ ∈ Pn ∩Bǫ(p) and
the lemma follows. 
If G is a lcsc group, then G×G acts on C(G) by
(g, h).Λ = gΛh−1,
and this action is jointly continuous, since it maps basic open sets to basic open set:
(g, h).UK = UgKh−1 , (g, h).U
V = UgV h
−1
(g, h ∈ G).
Restricting the action of G×Gy C(G) to the factors and the diagonal we obtain three topo-
logical dynamical systems over G, where G acts from the left, the right or by conjugation.
The former two dynamical systems are isomorphic via the isomorphisms P 7→ P−1, but the
conjugation system has very different properties. Here we will focus on the action of G on
the left as given by (g, P ) 7→ gP for g ∈ G, P ∈ C(G).
Definition 4.2. Let Λ ⊂ G be a closed subset. Then the (right-)hull XΛ of Λ is defined as the
closure of the orbit G.Λ in C(G).
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Note that by definition the hull of a closed subset is always a compact metrizable G-space,
since it is a closed subset of C(G).
Example 4.3. If Γ < G is a subgroup of G, then the map G/Γ→ XΓ, [g] 7→ gΛ is a continuous
injection with dense image. If Γ is a uniform lattice, then G/Γ is compact, hence we obtain a
homeomorphismG/Γ ∼= XΓ. We warn the reader that if Γ < G is a non-cocompact subgroup,
then the compact space XΓ will always be strictly larger than the image of the non-compact
space G/Γ. In particular, it will always contain the empty-set by the following proposition.
Proposition 4.4. A closed subset Λ ⊂ G is relatively dense if and only if ∅ 6∈ XΛ.
Proof. For every compact K ⊂ G and open V ⊂ G we have ∅ ∈ UK and ∅ 6∈ UV , hence the
sets UK generate the neighbourhood filter of ∅. In particular, ∅ ∈ XΛ if and only if for every
K ⊂ G compact there exists gK ∈ G such that gKΛ ∈ UK , or equivalently g−1K 6∈ ΛK−1. Thus
∅ 6∈ XΛ if and only if for some compact setK we haveG = ΛK−1, meaning that Λ is relatively
dense. 
In general, the hull of a discrete set does not need to consist of discrete sets. On the other
hand, the hull of a FLC set consists of uniformly discrete sets with uniform parameters:
Proposition 4.5. Assume that Λ ⊂ G has finite local complexity. Then there exists an open subset
U ⊂ G such that |P ∩ gU | ≤ 1 for all P ∈ XΛ and g ∈ G. In particular, for every compact subset
K ⊂ G there exists CK > 0 such that for all P ∈ XΛ,
|P ∩K| < CK .
The proof is based on the following lemma.
Lemma 4.6. For every closed subset Λ ⊂ G and all P ∈ XΛ we have P−1P ⊂ Λ−1Λ.
Proof. If P ∈ XΛ then there exist gn ∈ G such that gnΛ → P . By Lemma 4.1 we thus find for
every p, q ∈ P sequence (pn) (qn) in Λ such that gnpn → p and gnqn → q. By continuity of
multiplication and inversion in G we obtain p−1n qn → p−1q and thus P−1P ⊂ Λ−1Λ. 
Proof of Proposition 4.5. By assumption, Λ−1Λ is closed and discrete. The former implies by
Lemma 4.6 that for all P ∈ XΛ we have P−1P ⊂ Λ−1Λ and the latter implies that there
exists an open identity neighbourhood V such that Λ−1Λ ∩ V = {e}. Combining these two
observations we obtain P−1P ∩ V = {e} for all P ∈ XΛ. Now let U ⊂ G be an open identity
neighbourhood with U−1U ⊂ V . Given g ∈ Gwe either have P ∩ gU = ∅ or there exist p ∈ P
and u ∈ U such that p = gu, i.e. g = pu−1. In the latter case we have
P ∩ gU = P ∩ pu−1U = p(p−1P ∩ u−1U) ⊂ p(P−1P ∩ U−1U) ⊂ p(P−1P ∩ V ) = {p},
hence |P ∩ gU | ≤ 1 in either case. 
We record the following consequence of Proposition 4.5 for later use.
Corollary 4.7. Let Λ ⊂ G be of finite local complexity, K ⊂ G compact and asssume that Pn → P in
XΛ. Then there exist k, n0 ∈ N and elements g1, . . . , gk, g(n)1 , . . . , g(n)k ∈ G such that for all n ≥ n0
we have
K ∩ P = {g1, . . . , gk}, K ∩ Pn = {g(n)1 , . . . , g(n)k } and g(n)i → gi.
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Proof. The set K ∩ P is finite by Proposition 4.5, say K ∩ P = {g1, . . . , gk}. For every ǫ > 0
the set L := K \Nǫ(K ∩P ) is compact, and since P ∈ UL we have Pn ∈ UL for all sufficiently
large n (depending on ǫ). This means that Pn ∩ K ⊂ Nǫ(K ∩ P ) =
⋃
Bǫ(gi). If ǫ is chosen
small enough, then it follows from Proposition 4.5 that |Pn ∩ Bǫ(gi)| ≤ 1 for all sufficiently
large n. Then the corollary follows from Lemma 4.1. 
4.2. Tentative definition of non-uniform approximate lattices
The goal of this subsection is to discuss various possible definitions of the notion of an
approximate lattice Λ in a lcsc group G. We certainly want Λ to be a uniformly discrete ap-
proximate subgroup (hence of finite locally complexity), so we assume this from now on.
Since we think of the hull XΛ as a substitute for the homogeneous space G/Γ of a group, we
could simply call Λ an approximate lattice if there exists an G-invariant probability measure
on XΛ. However, in this naive definition every non-relatively dense uniformly discrete ap-
proximate subgroup would be an approximate lattice, which is clearly not desirable. Indeed,
by Proposition 4.4 we have ∅ ∈ XΛ for any such Λ and thus the Dirac measure δ∅ defines
a G-invariant measure on XΛ. In order to obtain a reasonable definition of an approximate
lattice, we have to exclude such measures.
Definition 4.8. Let Λ ⊂ G be a closed subset. A probability measure ν on XΛ is called non-
trivial if ν({∅}) = 0.
We now have the following first tentative definition of an approximate lattice:
Definition 4.9. A uniformly discrete approximate subgroup Λ ⊂ G is called a strong approxi-
mate lattice if its hullXΛ admits a non-trivial G-invariant probability measure.
Example 4.10. Every lattice Λ < G, uniform or non-uniform, is a strong approximate lattice.
Indeed, the unique invariant probability measure on G/Λ pushes forward to a non-trivial
invariant probability measure onXΛ via the canonical map G/Λ→ XΛ.
Example 4.11. Non-uniform non-lattice examples of strong approximate lattices arise again
from cut-and-project constructions. Indeed, it was established in [7, Cor. 3.5] that every
regular model set Λ with symmetric window containing the identity is a strong approximate
lattice. In fact, the invariant probability measure onXΛ \ {∅} is unique in this case. A regular
model set is a uniform approximate lattice if and only if the underlying lattice is uniform.
This shows that there exist non-uniform strong approximate lattices which are not contained
in any lattice.
A problem with Definition 4.9 is that we are not able to show that every uniform approx-
imate lattice in an arbitrary lcsc group G is a strong approximate lattice. While there is a
natural way to construct measures on the hull of a uniform approximate lattices, these mea-
sures will a priori only satisfy a weaker invariance property called stationarity. To define this
property, let us call a probability measure µ onG admissible if it is absolutely continuous with
respect to Haar measure and its support generates G as a semigroup. If µ is such a measure
and Y is a compact G space, then a probability measure ν on Y is called µ-stationary if it is a
fixpoint for the convolution action of µ, i.e. µ∗ν = ν. It follows from the Kakutani fixed point
theorem that if Y is a compact G-space, then Y -admits a µ-stationary probability measure
for every admissible probability measure µ on G. In particular, the hull of a closed subset
Λ ⊂ G will always admit a µ-stationary probability measure for every admissible µ, and if Λ
is relatively dense, then this measure will be non-trivial by Proposition 4.4.
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Definition 4.12. Let Λ ⊂ G be a uniformly discrete approximate subgroup.
(1) Λ is called an approximate lattice if its hull XΛ admits a non-trivial µ-stationary proba-
bility measure for every admissible probability measure µ on G.
(2) Λ is called a weak approximate lattice if its hull XΛ admits a non-trivial µ-stationary
probability measure for some admissible probability measure µ on G.
The discussion preceding the definition shows:
Corollary 4.13. Every uniform approximate lattice is an approximate lattice. 
Remark 4.14. We have the obvious implications
strong approximate lattice =⇒ approximate lattice =⇒ weak approximate lattice,
and the question suggests itself, whether these implications can be reversed. This is possible
in certain cases, but not in general:
(1) By a theorem of Kaimanovich–Vershik [30] and independently Rosenblatt [40], if G is
amenable then there exists an admissible probability measure on G such that every
µ-stationary measure is actually invariant. Thus if G is an amenable lcsc group, then
the notions of an approximate lattice and a strong approximate lattice in G coincide.
(2) By definition, a group is non-amenable if and only if there exist some compact G-
space which admits a µ-stationary probability measure for every admissible µ, but no
G-invariant probability measure. Thus for non-amenable groups there is a priori no
reason to expect that an approximate lattice should be strong. However, we do not
know any counterexamples. In fact, we do not even know whether every uniform
approximate lattice in a non-amenable lcsc group is strong.
(3) A proper subclass of the class of amenable groups is given by the class of Choquet–
Deny groups. Here a lcsc group G is called a Choquet–Deny group if for every admis-
sible probability measure µ on G, every µ-stationary measure is invariant. By defini-
tion, all three notions of approximate lattice coincide for such groups. Examples of
Choquet–Deny groups include abelian and more generally nilpotent groups [39].
(4) For some groups G one can also reverse the implication of Corollary 4.13. For exam-
ple, we will see in Theorem 4.25 below that in a lcsc nilpotent group G the notions
of a uniform approximate lattice, strong approximate lattice, approximate lattice and
weak approximate lattice all coincide, and the same holds for discrete groups G by
Remark 4.24.
(5) Even for amenable groups, there exist weak approximate lattices, which are not ap-
proximate lattices. We will see an explicit example in Subsection 5.4 below.
Problem 4. Is every (uniform) approximate lattice in a non-amenable lcsc group a strong approximate
lattice?
Example 4.15 (A. Fish). The following simple example, which was pointed out to us by A.
Fish, shows that given a strong approximate lattice Λ ⊂ G we can in general not expect the
non-trivial invariant measure onXΛ to be unique, even if G is abelian. Indeed, letG = R and
let Λ ⊂ R be defined as
Λ :=
±
n∑
j=1
xn | n ≥ 0
 ,
where the sequence (xn) is given by
2, 3, 2, 2, 3, 3, 2, 2, 2, 3, 3, 3, 2, 2, 2, 2, 3, 3, 3, 3, . . .
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By construction, Λ is a symmetric subset of Z containing 0. Distances between consecutive
points in Λ are either 2 or 3, and there are arbitrary long blocks of consecutive points of
distance 2 (and similarly, distance 3) in Λ. The former property implies that Λ is relatively
dense in Z, hence a uniform approximate lattice in R, whereas the latter property implies that
2Z and 3Z are contained in the orbit closure XΛ. The two R-orbits of 2Z and 3Z in XΛ give
rise to two disjoint closed leaves homeomorphic to S1. Each of these leaves then supports
an R-invariant probability measure, hence XΛ is not uniquely ergodic. It is obvious how to
modify this example in order to obtain hulls of approximate lattices supporting an arbitrary
finite number of disjoint probability meaures.
4.3. Strong approximate lattices are bi-syndetic
By definition, an approximate lattice is uniform if and only if it is left-syndetic, or equiv-
alently right-syndetic. While strong approximate lattices need not be uniform, they always
satisfy a weaker syndeticity property.
Definition 4.16. A subset Λ of a lcsc group G is bi-syndetic if there exist compact subsets
K,L ⊂ G such that G = KΛL.
For abelian groups, bi-syndeticity is of course equivalent to left-syndeticity. The following
example illustrates that for subsets of SL2(R) bi-syndeticity is a very weak notion.
Example 4.17. Let G := SL2(R),K := SO2(R) and A+ := {a(t) | t ≥ 0}, where
a(t) :=
(
et/2 0
0 e−t/2
)
(t ∈ R).
Then we have the Cartan decomposition G = KA+K , and more precisely every g ∈ G can be
written as g = k1a(tg)k2 for some k1, k2 ∈ K and a unique tg ≥ 0, called the Cartan projection
of g. Given a subset Λ ⊂ G let us denote by
ΣΛ := {tg | g ∈ Λ}
the set of its Cartan projections. Then by the Cartan decomposition, Λ is bi-syndetic provided
it is Cartan-syndetic, i.e. if ΣΛ is relatively dense in [0,∞). Let us now analyze what Cartan-
syndeticity amounts to. Given
g =
(
ag bg
cg dg
)
∈ SL2(R),
we set sg := cosh(tg) = (a2g + b
2
g + c
2
g + d
2
g)/2. Assume now that Λ ⊂ G is countable and order
the elements g1, g2, . . . in Λ so that
tg1 ≤ tg2 ≤ tg3 ≤ . . . .
Then Λ is Cartan-syndetic if and only if there exists C > 0 such that tgn+1 − tgn ≤ C for every
n. Since
tgn+1 − tgn = ln
(
sgn+1 +
√
s2gn+1 − 1
)− ln (sgn +√s2gn − 1)
= ln
sgn+1 +
√
s2gn+1 − 1
sgn +
√
s2gn − 1
 ≤ ln 2 + ln sgn+1
sgn
,
this holds whenever the quotients sgn+1/sgn are uniformly bounded from above. The latter
condition can be readily verified for many subsets of interest.
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We are going to show:
Theorem 4.18. Every strong approximate lattice in a lcsc group is bi-syndetic.
Since in lcsc abelian groups left-, right- and bi-syndeticity coincide and every weak ap-
proximate lattice in a lcsc abelian group is strong we deduce in particular:
Corollary 4.19. Every weak approximate lattice in a lcsc abelian group is uniform. 
We will extend this result to nilpotent lcsc groups in the Theorem 4.25 below.
Remark 4.20. We should point out that for an actual lattice Γ in a lcsc group G the proof of
Theorem 4.18 is very simple: Just choose a compact subset K ⊂ G and a pre-compact open
identity neighbourhood U ⊂ G such that mG(ΓK) > covol(Γ) = mG(ΓU). Then every right-
translate of ΓU in Γ\G will meet ΓK , which implies that G = U−1ΓK and thus G = U−1ΓK .
The above proof appears explicitly in [15, Prop. 2.9], but the authors point out that the idea
goes back at least to [8, Lemma 1.4], which in turn is based on an even older (and apparently
unpublished) result of Selberg.
Turning to the proof of Theorem 4.18 in the general case we introduce the following nota-
tion. Let G be a lcsc group and Λ ⊂ G a FLC subset. For the moment we do not assume Λ
to be an approximate lattice. Since G is second countable, it admits a dense countable subset,
and hence a dense countable subgroup Γ < G, and we fix such a subgroup once and for all.
We also fix a proper left-invariant metric d on G inducing the given topology and define a
family of open subset Uǫ ⊂ XΛ by
Uǫ := {C ∈ XΛ | C ∩Bǫ(e) 6= ∅}.
Lemma 4.21. For every ǫ > 0 we have ΓUǫ = XΛ \ {∅}.
Proof. Let ǫ > 0. We compute
ΓUε =
⋃
γ∈Γ
{
γC ∈ XΛ | C ∩Bε(e) 6= ∅
}
=
⋃
γ∈Γ
{
γC ∈ XΛ | γC ∩ γBε(e) 6= ∅
}
=
⋃
γ∈Γ
{
C ′ ∈ XΛ | C ′ ∩ γBε(e) 6= ∅
}
=
{
C ′ ∈ XΛ | C ′ ∩ ΓBε(e) 6= ∅
}
.
Since Γ is dense in Gwe have ΓBǫ(e) = G, and the lemma follows. 
In the sequel, given a subset Λ ⊂ G and a subset A ⊂ XΛ we denote by
AΛ := {g ∈ G | gΛ ∈ A}
the set of left-return times of Λ to A. Note that for A,B ⊂ XΛ and g ∈ Gwe have
(A ∩B)Λ = AΛ ∩BΛ and (gA)Λ = gAΛ. (4.1)
Corollary 4.22. IfΛ ⊂ G is a closed subset such thatXΛ admits a non-trivialG-invariant probability
measure ν, then for every ǫ > 0 there is a finite set F ⊂ G such that
G = FBǫ(e)Λ
−1ΛBǫ(e).
In particular, Λ−1Λ is bi-syndetic.
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Proof. Fix ǫ > 0 and set δ := ν(U ε). By Lemma 4.21 we have ν(ΓU ε) = ν(XΛ \ {∅}) = 1, so we
can find a finite subset F ⊂ Γ ⊂ G such that ν(FU ε) > 1 − δ. Now for every g ∈ G we have
ν(gU ε) = δ, hence
ν(FU ε ∩ gU ε) > 0.
In particular, for every g ∈ G the set FU ε ∩ gU ε ⊂ XΛ is a non-empty open set, and hence
meets the G-orbit of Λ non-trivially, i.e. (FU ε ∩ gU ε)Λ 6= ∅. Now observe that
(U ε)Λ =
{
g ∈ G | gΛ ∩Bε(e) 6= ∅
}
=
{
g ∈ G | g ∩Bε(e)Λ−1 6= ∅
}
= Bε(e)Λ
−1.
We deduce with (4.1) that
∅ 6= (FU ε ∩ gU ε)Λ = F (U ε)Λ ∩ g(U ε)Λ = FBε(e)Λ−1 ∩ gBε(e)Λ−1,
for every g ∈ G, and thus
G = FBε(e)Λ
−1ΛBε(e)
−1,
which finishes the proof. 
Proof of Theorem 4.18. If Λ ⊂ G is a strong approximate subgroup, then Λ−1Λ = Λ2 ⊂ FoΛ for
some finite Fo, and thus G = FBǫ(e)Λ−1ΛBǫ(e) = FBǫ(e)FoΛBǫ(e). 
IfG happens to be discrete, then we may assume that d takes only integral values and thus
Bǫ(e) = {e} for ǫ < 1. We thus recover a classical result of Følner [24]:
Corollary 4.23. IfG is discrete and Λ ⊂ G is a subset such thatXΛ admits a non-trivial G-invariant
probability measure ν, then Λ−1Λ is right-syndetic. In particular, every strong approximate lattice in
a discrete group is uniform. 
Remark 4.24. In fact, it follows from results in [5] that every weak approximate lattice in a
discrete group is uniform as well. Indeed, if G is a discrete group, µ an admissible probabil-
ity measure on G and Λ ⊂ G is a subset whose right hull admits a non-trivial µ-stationary
probability measure, then by [5, Theorem 1.9] the difference set Λ−1Λ equals the intersection
of a right syndetic set and a “left thick” set, whence (Λ−1Λ)2 is right syndetic (note that Λ−1
is a Lµ-large set in the notation of [5]). In particular, if Λ is symmetric, then Λ4 is right syn-
detic. Hence, if we in addition assume that Λ is an approximate group (so that it is a weak
approximate lattice in G), then we conclude from above that Λ must be right syndetic in G,
and thus a uniform approximate lattice in G.
4.4. Approximate lattices in nilpotent groups
We have seen in the previous subsection that every approximate lattice in a lcsc abelian
group is uniform. In this subsection we extend this result to nilpotent lcsc groups:
Theorem 4.25. Every weak approximate lattice in a nilpotent lcsc group is uniform.
Remark 4.26. Concerning Theorem 4.25, it is instructive to compare the class of nilpotent
Lie groups to the class of semisimple p-adic groups. Every lattice is uniform in groups from
either class, but for very different reasons. In the case of nilpotent Lie groups the reason for
the non-existence of non-uniform lattices is geometric, and we explain below how to extend
the argument to show non-existence of non-uniform approximate lattice. In the p-adic case,
the reason for the non-existence of non-uniform lattice is purely group-theoretic. Consider
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for example the groups Gp := SL2(Qp) and denote by Vp the set of vertices of their respective
Bruhat–Tits trees. Then a discrete subgroup Γ < Gp is a lattice if and only if∑
[x]∈Γ\Vp
1
|Γx| <∞.
Since Γx < Gp is finite for every x ∈ Vp and the size of finite subgroups of Gp is uniformly
bounded, this is possible only if |Γ\Vp| < ∞, i.e. if Γ is uniform. Thus the reason for the
non-existence of non-uniform lattices in SL2(Qp) is that the latter does not contain torsion
subgroups of arbitrary large order. No such obstruction exists in the approximate setting,
and in fact the groups SL2(Qp) (and more generally, the groups SLn(Qp) for n ≥ 2) do admit
non-uniform approximate lattice. Explicit examples are given by regular model sets arising
from the non-uniform cut and project scheme (SLn(Qp),SLn(R),SLn(Z[1/p])). In particular,
the analogue of Theorem 4.25 does not hold for the class of semisimple p-adic groups.
For the proof of Theorem 4.25 we introduce the following terminology:
Definition 4.27. A lcsc group G is called balanced if every bi-syndetic approximate subgroup
of G is left- (equivalently, right-) syndetic.
By Theorem 4.18 every strong approximate lattice in a balanced lcsc group is uniform.
Since every weak approximate lattice in a nilpotent group is strong, the proof of Theorem
4.25 reduces to showing that every nilpotent lcsc group is balanced. We are going to show
this by induction on the nilpotency degree. Obviously every 1-step nilpotent, i.e. abelian lcsc
group G is balanced. The induction step then amounts to proving the following proposition,
which is also of independent interest.
Proposition 4.28. Let 0 → Z → G π−→ Q → {e} be a central extension of lcsc groups. If Q is
balanced, then so is G.
The proof of the proposition will occupy the remainder of this subsection. We fix a central
extension 0 → Z → G π−→ Q → {e} and a Borel section s : Q → G of π, which we assume
to be symmetric (i.e. s(q)−1 = s(q−1) and locally bounded (i.e. images of compact sets are
pre-compact). Given Ω ⊂ G and q ∈ Q we then denote by
Ωq := {z ∈ Z | zs(q) ∈ Ω} = {z ∈ Z | s(q)z ∈ Ω} ⊂ Z
the “fiber” over q so that
Ω =
⋃
q∈π(Ω)
Ωqs(q). (4.2)
By definition we have for all Ω1,Ω2 ⊂ G and q ∈ Q the inclusion
(Ω1Ω2)q ⊃ (Ω1)q(Ω2)e. (4.3)
We now assume that Q is balanced and fix a bi-syndetic approximate subgroup Λ ⊂ G. Then
π(Λ) is a bi-syndetic approximate subgroup of Q, hence left-syndetic by assumption, say
Q = Eπ(Λ) for some E ⊂ Q compact.
Lemma 4.29. Let Λ, E be as above and assume that there exists a pre-compact set N ⊂ Z such that
for all q ∈ π(Λ) we have (NΛ2)q = Z . Then G = s(E)NΛ2. In particular, Λ is right-syndetic in G.
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Proof. Since e ∈ Λ and N ⊂ Z = ker(π) we have π(Λ) ⊂ π(Λ2) = π(NΛ2). We thus deduce
from (4.2) that
NΛ2 =
⋃
q∈π(NΛ2)
(NΛ2)qs(q) =
⋃
q∈π(Λ2)
(NΛ2)qs(q) ⊃
⋃
q∈π(Λ)
(NΛ2)qs(q) = Zs(π(Λ)),
and hene
s(E)NΛ2 ⊃ s(E)Zs(π(Λ)) = Zs(E)s(π(Λ)) = Zs(Eπ(Λ)) = Zs(Q) = G,
where we have used the assumptions that Eπ(Λ) = Q and Zs(Q) = G together with the
observation that since ker π = Z , we have Zs(A)s(B) = Zs(AB) for all subsetsA,B ⊂ Q. 
We are thus left with the task to construct for any given Λ a pre-compact set N ⊂ Z as in
Lemma 4.29. By assumption we have G = KΛL for compact setsK,L ⊂ G. We may assume
that K = KZs(KQ), L = LZs(LQ) for compact sets KZ , LZ ⊂ Z and KQ, LQ ⊂ Q. We then
define
Mo :=
{
s(kQ)s(k
−1
Q l
−1
Q )s(lQ) | kQ ∈ KQ, lQ ∈ LQ
} ⊂ Z and M := KZLZMo ⊂ Z.
We also set Σ := π(Λ) ∩KQLQ and
No := s((KQLQ)
−1) ⊂ G and N := MNo ⊂ G. (4.4)
We will show that N satisfies the assumptions of Lemma 4.29 and thereby finish the proof.
Note that N is pre-compact by construction. To show that (NΛ2)q = Z for all q ∈ π(Λ) we
need two lemmas.
Lemma 4.30. (NoΛ)e =
⋃
q∈Σ Λq.
Proof. By (4.2) we have
Λ =
⋃
u∈π(Λ)
Λus(u),
whence
NoΛ = (s((KQLQ)
−1)Λ =
⋃
t∈KQLQ
⋃
u∈π(Λ)
s(t−1)s(u)Λu.
We see that the only sets in the union which contribute to the fiber above e have t = u =: q,
and thus (
NoΛ
)
e
=
⋃
q∈KQLQ∩π(Λ)
Λq,
which finishes the proof. 
Lemma 4.31. For every z ∈ Z , there exists q ∈ Σ such that z ∈MΛq. In particular,
M
( ⋃
q∈Σ
Λq
)
= Z.
Proof. Every z ∈ Z ⊂ G = KΛL can be written as
z = kZs(kQ)λlZs(lQ) = kZs(kQ)λZs(π(λ))lZs(lQ)
with kZ ∈ KZ , kQ ∈ KQ, λ ∈ Λ, λZ ∈ Λπ(λ), lZ ∈ LZ and lQ ∈ LQ. Note that
e = π(z) = kQπ(λ)lQ
and thus
q := π(λ) = k−1Q l
−1
Q ∈ KQLQ ∩ π(Λ) = Σ.
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Since λZ , kZ and lZ are central we conclude that
z = kZs(kQ)λZs(π(λ))lZs(lQ)
= kZ lZs(kQ)s(π(λ))s(lQ)λZ
= kZ lZs(kQ)s(k
−1
Q l
−1
Q )s(lQ)λZ
∈ KZLZMoλZ =MλZ ,
and since λZ ∈ Λπ(z) = Λq and q ∈ Σ the lemma follows. 
Proof of Proposition 4.28. In view of Lemma 4.29 it remains to show only that the setN defined
in (4.4) satisfies (NΛ2)q = Z for all q ∈ π(Λ). Since M is contained in Z , Lemma 4.30 and
Lemma 4.31 yield
(NΛ)e = (MNoΛ)e =M(NoΛ)e =M
⋃
p∈Σ
Λp
 = Z.
Now let q ∈ π(Λ). We apply apply (4.3) with Ω1 = NΛ and Ω2 = Λ to obtain
(NΛ2)q ⊃ (NΛ)eΛq = ZΛq.
Since Λq 6= ∅we deduce that (NΛ2)q = Z , finishing the proof. 
This concludes the proof of Theorem 4.25.
5. UNIMODULARITY
5.1. The periodization map
If Γ < G is a lattice in a lcsc group, then there is a periodization map
PΓ : Cc(G)→ Cc(G/Γ), PΓ(f)(gΓ) :=
∑
γ∈Γ
f(gγ),
and we are going to define an analogous periodization map for approximate lattices. Recall
from Proposition 4.5 that if Λ ⊂ G is a uniformly discrete approximate subgroup of a lcsc
group G, then every P ∈ XΛ is locally finite. More precisely, for every compact set there
exists a constant CK such that
|P ∩K| < CK for all P ∈ XΛ. (5.1)
In particular, given f ∈ Cc(G), we can define the periodization Pf of f along Λ by the finite
sums
Pf(P ) :=
∑
x∈P
f(x) (P ∈ XΛ)
Note that the map f 7→ Pf is equivariant with respect to the left-action of G on itself and the
G-action onXΛ.
Proposition 5.1. It Λ ⊂ G is an approximate lattice, then for every f ∈ Cc(G) the periodization
Pf : XΛ → R is continuous with respect to the Chabauty-Fell topology.
Proof. Let K := supp(f) and assume Pn → P in XΛ. By Corollary 4.7 we have P ∩ K =
{g1, . . . , gk} and Pn ∩ K = {g(n)1 , . . . , g(n)k } with g(k)i → gi for all sufficiently large n. We
deduce that
Pf(Pn) =
∑
x∈Pn∩K
f(x) =
k∑
i=1
f(g
(n)
i )→
k∑
i=1
f(gi) =
∑
g∈P∩K
f(x) = Pf(P ). 
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Definition 5.2. The map P : Cc(G) → C(XΛ), f 7→ Pf is called the periodization map of the
uniformly discrete approximate subgroup Λ ⊂ G.
One important difference to the group case concerns the range of the periodization map:
If Γ < G is a uniform lattice, then the periodization map Cc(G) → C(G/Γ) is in fact surjec-
tive (see e.g. [38, Lemma 1.1]). This need not be the case for uniform approximate lattices.
However, we at least have:
Proposition 5.3. The image P(Cc(G)) of the periodization map separates points in XΛ \ {∅}.
Proof. Let P1, P2 ∈ XΛ be distinct points. Changing enumeration if necessary wemay assume
that there exists x ∈ P1 \ P2. Since P2 is locally finite by Proposition 4.5, there exists r > 0
such that Br(x) ∩ P2 = ∅. Now choose f ∈ Cc(G) with f ≥ 0, f(x) > 0 and supp(f) ⊂ Br(x).
Then Pf(P1) ≥ f(x) > 0 and Pf(P2) = 0, hence Pf separates P1 and P2. 
5.2. Periodization of measures
We can use the periodization map to transfer measures on the hull to measures on the
group. To make this precise, we recall that a Radon measure onG is a positive linear functional
η : Cc(G)→ R such that for every compact subsetK ⊂ G there is a constant CK such that for
every f ∈ Cc(G) with supp(f) ⊂ K we have
η(f) ≤ CK · ‖f‖∞.
Assume now that we are given a probability measure ν on XΛ. We then obtain a linear
functional η := P∗ν on Cc(G) by setting η(f) := ν(Pf). It turns out that η is a Radonmeasure
by the following proposition.
Proposition 5.4. For every compact subset K ⊂ G there exists a constant CK such that for f ∈
Cc(G) with supp(f) ⊂ K we have
‖Pf‖∞ ≤ CK · ‖f‖∞.
Proof. If we choose CK as in (5.1), then
|Pf(P )| ≤
∑
x∈P∩K
|f(x)| ≤ |P ∩K| · ‖f‖∞ ≤ CK · ‖f‖∞. 
Definition 5.5. The RadonmeasureP∗ν is called the periodization of the probability measure
ν on XΛ.
Lemma 5.6. If ν is a non-trivial measure onXΛ in the sense of Definition 4.8, then P∗ν is non-zero.
Proof. Choose P ∈ supp(ν) \ {∅}; by Proposition 5.3 there exists f ∈ Cc(G) satisfying f ≥ 0
and Pf(P ) > 0, hence there is ǫ such that Pf ≥ ǫ on an open subset of supp(ν). We deduce
that P∗ν(f) = ν(Pf) > 0. 
Since the periodization map is G-equivariant, the periodization of a G-invariant measure
onXΛ is invariant under theG-action on itself by left-multiplication. Similarly, periodization
preserves stationarity, but some care has to be taken to make this statement precise. Namely,
given a Radonmeasure η onG and an admissible probability measure µ onG the convolution
µ ∗ η may not be defined, since the integral may not converge. This problem does not occur
if µ is compactly supported. In this case, we call η a µ-stationary Radon measure provided
µ ∗ η = η. With this terminology understood we have:
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Corollary 5.7. Let µ be a compactly-supported admissible probability measure on G. If ν is a µ-
stationary probability measure on XΛ, then P∗ν is a µ-stationary Radon measure on G. If ν is G-
invariant, then so is P∗ν, and if ν is non-trivial, then P∗ν is non-zero. 
5.3. The unimodularity theorem
Recall that a lcsc group G is called unimodular if every left-Haar measure mG on G is
a right-Haar measure. Examples of unimodular groups include all discrete, compact and
simple lcsc groups and their products. If a lcsc group G contains a lattice, then it must be
unimodular. Here we establish the following generalization of this result:
Theorem 5.8. Let G be a lcsc group. Assume that either
(1) G contains a strong approximate lattice Λ; or
(2) G contains a uniform approximate lattice Λ and is compactly generated.
Then G is unimodular.
Problem 5. Let G be a non-amenable compactly generated lcsc group which contains an approximate
lattice. Is G necessarily unimodular?
For the proof of Theorem 5.8 we denote by ∆G : G → R>0 the modular function of G. We
use the convention that mG(Ag) = ∆G(g)mG(A) for any pre-compact measurable set A ⊂ G
or equivalently∫
G
f(xg) dmG(x) = ∆G(g)
−1
∫
G
f(x) dmG(x) (f ∈ Cc(G), g ∈ G).
Wewarn the reader that the opposite convention is also in use. Note that unimodularity ofG
amounts to∆G ≡ 1.
The proof of Theorem 5.8 will make use of the periodization map P : Cc(G) → C(XΛ).
Note that if Γ < G is a lattice, then the periodization map P : Cc(G) → Cc(G/Γ) is not only
equivariant with respect to the left-regular action of G, but also invariant under the action
of Γ on G by multiplication on the right. For approximate uniform lattices, this invariance
still holds approximately. Indeed, given f ∈ Cc(G) and t ∈ Λ, denote by f · t the function
g 7→ f(gt); then we have:
Lemma 5.9. Assume that Λ ⊂ G is a uniform approximate lattice and F ⊂ G finite with Λ2 ⊂ ΛF .
Then for every t ∈ Λ and f ∈ Cc(G) with f ≥ 0 we have
P(f · t) ≤
∑
c∈F
P(f · c).
Proof. For all g ∈ G and t ∈ Λ we have
P(f · t)(gΛ) =
∑
λ∈Λ
f(gλt) ≤
∑
λ∈Λ2
f(gλ) ≤
∑
λ∈ΛF
f(gλ) ≤
∑
c∈F
P(f · c)(gΛ),
and since G.Λ ⊂ XΛ is dense the lemma follows. 
Part (1) of the theorem now follows by combining this lemma with Theorem 4.18:
Proof of Theorem 5.8(1). Let ν be a non-trivial G-invariant probability measure on XΛ and de-
note by η := P∗µ its periodization. By Corollary 5.7, η is non-zero left-G-invariant Radon
measure on G, i.e. a left-Haar measure.
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By Lemma 5.9 we have for every f ∈ Cc(G) with f ≥ 0 and every t ∈ Λ,
η(f · t) = ν (P(f · t)) ≤
∑
c∈F
ν (P(f · c)) =
∑
c∈F
η(f · c).
Since η is a left-Haar measure we obtain
∆G(t
−1)η(f) = η(f · t) ≤
∑
c∈F
η(f · c) =
(∑
c∈F
∆G(c
−1)
)
η(f),
and thus for all t ∈ Λ,
∆G(t
−1) ≤
∑
c∈F
∆G(c
−1).
Applying this inequality to both t and t−1 we deduce that the homomorphism log ∆G : G →
R is bounded uniformly on Λ.
On the other hand, by Theorem 4.18 there exist compact subsets K,L ⊂ G such that G =
KΛL. Since log ∆G is continuous, it is bounded on the compact sets K and L. Since it is
moreover a homomorphism and bounded on Λ, it is thus bounded on all of G. Since R has
no non-trivial bounded subgroups, we deduce that log∆G ≡ 0, i.e., thatG is unimodular. 
To establish unimodularity also for uniform approximate lattices, which are not strong, we
need to work with stationary measures instead of invariant measures. The main new ingre-
dient is the construction of a specific compactly supported admissible probability measure µ
on Gwith a continuous density with the following special properties.
Lemma 5.10. Assume that G is a compactly generated non-unimodular lcsc group. Then there exists
ρ ∈ Cc(G) with the following properties.
(i) ρ ≥ 0 and ∫G ρ(s)dmG(s) = 1.
(ii) supp(ρ) generates G as a semigroup.
(iii)
∫
G ρ(s)∆G(s)dmG(s) < 1.
Proof. Clearly there exists ρo ∈ Cc(G) satisfying (1) and (2). Define
γ :=
∫
G
ρo(s)∆G(s)dmG(s).
Let a > 0 such that aγ < 12 . Since the homomorphism ∆ is unbounded, we can find s ∈ G
such that (1− a)γ∆(s)−1 < 1/2. Fix such an s ∈ G and define
ρ(t) := aρo(t) + (1− a)ρo(st).
Then ρ still satisfies (1) (by left-invariance ofmG) and (2), and we have∫
G
ρ(t)∆(t)dmG(t) = a
∫
G
ρo(t)∆G(t)dmG(t) + (1− a)
∫
G
ρo(st)∆G(t)dmG(t)
= aγ + (1− a)
∫
G
ρo(t)∆G(s
−1t)dmG(t)
= aγ + (1− a)γ∆(s)−1,
which by assumption is strictly smaller than 1/2 + 1/2 = 1. 
Combining this construction with the estimate in (5.9) we can now finish the proof of The-
orem 5.8.
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Proof of Theorem 5.8(2). Let G be a non-discrete compactly generated lcsc group and Λ ⊂ G
a uniform approximate lattice. We assume for contradiction that G is not unimodular and
define a compactly-supported admissible probability measure µ on G by µ := ρmG on G,
where ρ is chosen as in Lemma 5.10. We denote by ν a non-trivial µ-stationary probability
measure on XΛ and define η := P∗ν. By Corollary 5.7, η is a non-zero µ-stationary Radon
measure on G. Stationarity implies that η has a continuous density u : G → R>0 which is
ρ-harmonic, i.e, for all t ∈ G,
u(t) = (ρ ∗ u)(t) =
∫
G
ρ(s)u(s−1t) dmG(s).
By (5.9) we have, for every f ∈ Cc(G) with f ≥ 0 and every t ∈ Λ,
η(f · t) = ν (P(f · t)) ≤
∑
c∈F
ν (P(f · c)) =
∑
c∈F
η(f · c).
Since η = umG we have for all g ∈ G and t ∈ Λ,
η(f · t) =
∫
G
f(gt)u(g)dmG(g) =
∫
G
f(g)u(gt−1)∆G(t)
−1dmG(g),
which allows us to rewrite the previous inequality as∫
G
f(g)
(
u(gt−1)∆G(t)
−1
)
dmG(g) ≤
∫
G
f(g)
(∑
c∈F
u(gc−1)∆G(c)
−1
)
dmG(g).
Since this holds for every f and u and ∆G are continuous, we obtain for all g ∈ G and t ∈ Λ,
u(gt−1)∆G(t)
−1 ≤
∑
c∈F
u(gc−1)∆G(c)
−1. (5.2)
Now let K ⊂ G be a compact subset satisfying G = KΛ. Every g ∈ G can then be written as
g = ktwith k ∈ K and t ∈ Λ, and hence by (5.2) we obtain
u(g)∆G(g) = u(kt
−1)∆G(kt
−1) = ∆G(k) · u(kt−1)∆G(t−1) ≤ ∆G(k) ·
∑
c∈F
u(kc−1)∆G(c)
−1.
SinceK and F are compact and u and∆G are continuous we thus find a uniform constantM
such that for all g ∈ G
u(g) ≤M ·∆G(g)−1.
Since u is ρ-harmonic it follows that for every n > 0,
u(e) = (ρ∗n ∗ u)(e) ≤M(ρ∗n ∗∆−1G )(e) =M ·
∫
G
ρ∗n(s)∆G(s)dmG(s).
Since ∆G is a homomorphism and
∫
ρ∆GdmG < 1we deduce that
u(e) ≤
∫
G
· · ·
∫
G
ρ(s−11 s2)ρ(s
−1
2 s3) . . . ρ(s
−1
n−1sn)∆G(s1 · · · sn) dmG(s1) . . . dmG(sn)
=
(∫
G
ρ(s)∆G(s)
)n
n→∞−→ 0,
i.e. u(e) = 0. This implies that for all n > 0
0 = u(e) = (ρ∗n ∗ u)(e) =
∫
G
ρ∗n(s)u(s−1)dmG(s),
and since supp(ρ) generates G as a semigroup and u is continuous we conclude that u ≡ 0
and thus η = 0, which is a contradiction. 
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5.4. A weak approximate lattice in a non-unimodular lcsc group
The goal of this subsection is to show by example that Theorem 5.8 does not extend to
weak approximate lattices. This shows in particular, that not every weak approximate lattice
is an approximate lattice.
Define an action of R on R by α : R → Aut(R), α(a).b := eab and let G = R ⋊α R denote
the corresponding semi-direct product. With the Euclidean topology on R the group G is a
compactly generated, non-discrete, amenable and non-unimodular lcsc group. A left-Haar
measure on G is given by dmG(b, a) = dbdaea and the modular function is ∆G(b, a) = e
−a.
SinceG is non-unimodular, it does not contain any strong approximate lattices by Theorem
5.8. Since G is amenable, every approximate lattice in G is automatically strong, so G does
not contain any approximate lattices at all. We will now show that G nevertheless contains a
weak approximate lattice.
Indeed, let Λ denote the discrete subgroup {0} ⋊α Z of G, and note that this subgroup
has infinite covolume in G. We shall nevertheless show that for a large class of admissi-
ble probability measures on G, there are always stationary probability measures on XΛ, and
thus Λ is a weak approximate lattice in G. It will suffice to construct stationary probability
measures on the (non-compact) homogeneous space G/Λ, since these push-forward to sta-
tionary probability measures on the hull XΛ via the canonical map G/Λ→ XΛ. We note that
G/Λ can be G-equivariantly identified with the direct product Y := R × R/Z via the map
(b, a) + Λ 7→ (b, a+ Z), and we will work in the latter model.
Now let mT denote the Haar probability measure on T = R/Z and define a probability
measure νo = δo ⊗mT on Y . We shall show that if µ is any compactly supported admissible
probability measure on G satisfying the contraction condition∫
G
ea dµ(b, a) =
∫
G
∆(g)−1 dµ(g) < 1, (5.3)
then µ∗n ∗ νo converges in the vague topology. In particular, the limit measure then defines a
µ-stationary probability measure on Y , hence XΛ admits a µ-stationary probability measure
for every contractive µ.
Remark 5.11. Note that themeasures satisfying (5.3) are very different from themeasure used
in the proof of Theorem 5.8, which were assumed to satisfy the opposite condition∫
G
∆G(g) dµ(g) < 1.
For this reason, the existence of a µ-stationary probability measure for every contractive µ
does not contradict unimodularity.
To prove convergence of the measures µ∗n ∗ νo for a contractive µ we argue as follows. If
we abbreviate [(b, a)] := (b, a+ Z) ∈ Y , then for all (b1, a1), . . . , (bn, an) ∈ Gwe have
(b1, a1) · · · (bn, an) · [(b, a)] =
[(
n−1∑
k=1
eAkbk +Anb,An + a
)]
,
where A1 = 0, and Ak = a1 + . . .+ ak−1 for k ≥ 2. Hence,
(µ∗n ∗ νo)(f) =
∫
Gn
f
(
n−1∑
k=1
eAkbk, a
)
dµ(b1, a1) · · · dµ(bn, an) dmT(a),
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for every f ∈ Co(G). In order to show that (µ∗n ∗ νo)(f) converges for every f , it thus suffices
to check that the series
B∞ :=
∞∑
k=1
eAkbk
converges for µN-almost every ((b1, a1), (b2, a2), . . .) ∈ GN. Since µ is compactly supported,
there exists some R > 0 such that |b| ≤ R for µ-almost every (b, a) ∈ supp(µ). Hence, by
the monotone convergence theorem, the seriesB∞ is absolutely convergent µN-almost every-
where if
sup
n
∫
Gn
n−1∑
k=1
eAk dµ(b1, a1) · · · dµ(bn, an) <∞.
Since ∫
Gn
n−1∑
k=1
eAk dµ(b1, a1) · · · dµ(bn, an) =
n−1∑
k=1
(∫
G
ea dµ(b, a)
)k−1
,
this follows from our assumption (5.3). This finishes the proof, and we conclude:
Proposition 5.12. (i) There exist weak approximate lattices which are not approximate lattices.
(ii) There exist non-unimodular lcsc groups which admit a weak approximate lattice.
(iii) There exists subgroups of infinite covolume in lcsc groups which are weak approximate lattices.
(iv) All three phenomena occur even in amenable lcsc groups. 
In view of the proposition we believe that the notion of a weak approximate lattice is too
weak to allow for a far reaching theory.
5.5. A unimodular group without approximate lattices
Non-unimodularity is really only the first obstruction for a lcsc group to contain a lattice,
and there are many unimodular groups which do not contain any lattices. We expect that the
same is true for approximate lattices. The following concrete class of examples of unimodular
groups without (weak) approximate lattices was pointed out to us by Yves de Cornulier.
Example 5.13 (Y. de Cornulier). Let K be a compact abelian group and f : Z → K be an
injective homomorphism with dense image. Denote by Gf the group whose underlying set
is given by Z× Z×K with multiplication given by
(n,m, k) · (n′,m′, k′) := (n+ n′,m+m′, k + k′ + f(nm′)).
Then K is a maximal compact normal subgroup of Gf which coincides with the center of
Gf , and Gf/K ∼= Z2, in particular Gf is 2-step nilpotent and thus unimodular. If we set
Z := f(Z), then Z × Z × Z is a dense subgroup of Gf , which is isomorphic to the integral
Heisenberg group.
We claim that Gf does not contain any weak approximate lattices. By Theorem 4.25 it
suffices to show that it does not contain a uniform approximate lattice. Assume for contra-
diction that Λ ⊂ Gf was a uniform approximate lattice and denote by π : Gf → Gf/K ∼= Z2
the canonical projection. Since Λ is left-syndetic in Gf we deduce that π(Λ) is left-syndetic in
Z2, and in particular that the set
{nm′ − n′m | (n,m), (n′,m′) ∈ π(Λ)}
is infinite. Since
[(n,m, k), (n′,m′, k′)] = (0, 0, f(nm′ − n′m)),
this implies that [Λ,Λ] ⊂ Λ4 ∩K is infinite, contradicting the fact that Λ4 is locally finite.
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5.6. Amenability
We end this paper by an application which combines measurable and QI techniques in the
form of Theorem 5.8 and Theorem 3.4. Recall that a subset of a proper discrete metric space
(Λ, d) is called an (R, ǫ)-Følner set provided
|{x ∈ Λ | max{d(x, F ), d(x,Λ \ F )} < R}|
|F | < ǫ,
and that (Λ, d) is called metrically amenable if it admits an (R, ǫ)-Følner set for all for all R > 0
and ǫ > 0. A general (possibly non-discrete) metric space if called metrically amenable if it
admits a metrically amenable Delone subset. By [16, Prop. 3.D.35], metric amenability is
invariant under quasi-isometries. In particular, a metric space is metrically amenable if and
only if it admits a Delone set and all of its Delone sets are metrically amenable.
Proposition 5.14. Let G be a lcsc group and Λ ⊂ G a finitely generated uniform approximate lattice.
Then the following are equivalent:
(i) G is amenable (as a lcsc group).
(ii) Λ is metrically amenable (with respect to any metric in its canonical QI class).
Proof. From Theorem 3.4 and quasi-isometric invariance of metric amenability we deduce
immediately thatΛ is metrically amenable if and only ifG is metrically amenable with respect
to any word metric of a compact generating set. It thus suffices to show that G is metrically
amenable if and only if it is amenable as a lcsc group. This equivalence is established in
[16, Lemma 4.F.4(2) and Prop. 4.F.8] under the additional assumption that G is unimodular.
However, we know from Theorem 5.8 that unimodularity of G holds automatically, and the
proposition follows. 
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